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A B S T R A C T
ANALYSIS OF THE ONE-7TAY RANDOM-EFFECTS MODEL 
UNDER SLIGHT DEPARTURES FROM NORMALITY
Eo-Jeong Kim
I n  t h i s  work th e  p o s te r io r  d i s t r ib u t io n s  o f  th e  
v a ria n c e  components i n  th e  a n a ly s is  o f  v a ria n c e  in  th e  
one-way ran d o m -e ffe c ts  model a re  d ev e lo p ed . The 
d i s t r ib u t io n s  o f  th e  e f f e c t s  are  assumed to  be known 
to  belong  to  th e  c la s s  o f e x p o n e n tia l power fu n c t io n s .-
A pproxim ations and asym pto tic  fu n c tio n s  o f  the 
p o s te r io r  d i s t r ib u t io n s  a re  a lso  evolved in  o rd e r  to  
p ro v id e  somewhat s im p li f ie d  p r o b a b i l i ty  d i s t r ib u t io n s  
w ith  which to  work.
-  o  -
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Chapter 1
I N T R O D U C T I O N
The d ev elo p m en t o f  th e  a n a ly s i s  o f  v a r ia n c e  d a te s  from  th e  
p io n e e r in g  -work o f  S i r  R onald  Aylmer F i s h e r  (1 8 9 0 -1 9 6 2 ) , done 
m a in ly  i n  th e  1 9 2 0 s , B a y e s ia n  m e th o d s , by  c o n t r a s t ,  d a te  back  
to  th e  (posth u m o u s) p u b l i c a t i o n  o f  B ayes Theorem i n  1763-4. E i ] -  
The p o p u l a r i t y  o f  B a y e s ia n  m ethods ch an g es w ith  t im e , v a ry in g  
i n v e r s e l y  w ith  th e  d i f f i c u l t y  o f  a p p ly in g  c o n te m p o ra ry  m e th o d s . 
A n a ly s is  o f  v a r i a n c e ,  to  be r e l i a b l y  a r p l i c d ,  p re su p p o se s  
r a t h e r  s t r i n g e n t  a ssu m p tio n s  upon th e  s t a t i s t i c a l  d i s t r i b u t i o n s  
o f  th e  sam ple g ro u p s and upon th e  p o p u la t i o n .  These a ssu m p tio n s  
a b o u t th e  sam p les and p o p u la t io n  a re  se ldom , i f  e v e r ,  m et in  
a p p l i c a t i o n s .  I n  f a c t ,  th e  d i s t r i b u t i o n  map be known to  d i f f e r  
from  th e  a ssu m p tio n s  b u t ,  f o r  la c k  o f  b e t t e r  m eth o d s, th e  
a ssu m p tio n s  have to  be a c c e p te d .  As a r e s u l t ,  B a y es ia n  ap p ro a ch e s  
a re  one means u sed  to  i n v e s t i g a t e  th e  e f f e c t s  w hich v a r i a t i o n s  in  
th e  a ssu m p tio n s  have upon r e s u l t s .  I t  i s  found  t h a t  c o n s id e r a b le  
d e p a r tu r e s  from  th e  a ssu m p tio n s  commonly c a u se  s m a ll  changes in  
th e  r e s u l t s  and t h a t  th e s e  ch an g es  a re  f a i r l y  i n s e n s i t i v e  to  th e s e  
d e p a r t u r e s .
In  th e  p r e s e n t  work some e f f e c t s  o f  d e p a r tu r e s  from  n o r m a l i ty  
r e q u ir e m e n ts  o f  sam p les and p o p u la t io n  w i l l  be i n v e s t i g a t e d  and 
th e  r e s u l t i n g  changes in  th e  a n a ly s i s  o f  v a r ia n c e  w i l l  be 
e x h ib i t e d ,
1
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21 .1  THE ANALYSTS OF VARIANCE
The t - t e s t  i s  u sed  to  compare two p o p u la t io n  means f o r  th e  
s ig n i f i c a n c e  o f  t h e i r  d i f f e r e n c e s .  In  p r a c t i c e ,  sam ples from  
th e  two p o p u la t io n s  a re  u sed  and th e  n u l l  h y p o th e s is  i s  t e s t e d  
b y  u s in g  th e  d i s t r i b u t i o n  o f  th e  sam ple m eans. P a irw is e  
com parison s o f  more th e n  two p o p u la t io n s  u s in g  t - t e s t s  in v o lv e s  
to o  much co m p u ta tio n  to  be e f f i c i e n t  and , m o reover, r a i s e s  to  
a  p r o h i b i t i v e  l e v e l  th e  p r o b a b i l i t y  o f  Type I  e r r o r s  ( i . e .  
r e j e c t i o n  o f  a t r u e  h y p o th e s is ) .
The a n a ly s is  o f  v a r ia n c e  e x te n d s  t h i s  m ethod to  compare 
mean and v a r ia n c e  e s t im a te s  from  in d iv id u a l  sam ples w ith  th o se  
from  th e  sam ples com bined, w hich a re  u sed  to  r e p r e s e n t  th e  
p o p u la t io n .  The a ssu m p tio n s u se d  f o r  th e  a n a ly s i s  o f  v a r ia n c e  
a re :
1) each  sam ple group i s  n o rm a lly  d i s t r i b u t e d ,
2) th e  v a r ia n c e s  f o r  each  a re  e n u a l ,  and
3) th e  sam ples a re  in d e p e n d e n t .
U nbiased  e s t im a te s  o f  v a r ia n c e  o f  th e  p o p u la t io n  a re  s u b je c te d  
to  th e  F - t e s t  to  d e te rm in e  i f  th e  d i f f e r e n c e s  a re  s i g n i f i c a n t .
1 .2  BAYES’ THEOREM
B ay es’ Theorem assum es t h a t  a number o f  m u tu a lly  e x c lu s iv e  
random e v e n ts ,  ( i . e .  ’’c a u s e s ”) ,  h a v in g  known a p r i o r i
p r o b a b i l i t i e s ,  F (C ^ ), may be fo llo w ed  by  an e v e n t , E, w hich h as 
known c o n d i t io n a l  p r o b a b i l i t i e s ,  P (E  J C£ ) ,  f o r  th e  g iv en  c a u s e s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I f  th e  e v e n t h as been  o b se rv ed ^  i t  i s  d e s i r e d  to  f in d  th e  a
The m ost common d i f f i c u l t y  a r i s i n g  in  p r a c t i c e  i s  t h a t  th e  
P(C {) a re  n o t  known a - p r i o r i . N o n e th e le s s ,  B a y es ia n  a n a ly s i s  i s  
u s e f u l  f o r  m aking in f e r e n c e s  a b o u t h y p o th e s e s , p a r t i c u l a r l y  when 
a l t e r n a t e  m ethods o f  a n a ly s is  a re  n o t  a v a i l a b l e ,  o r  a re  too  
cumbersome to  a p p ly .
To u se  B a y es ia n  m ethods, i t  i s  f i r s t  n e c e s s a ry  to  make 
a ssu m p tio n s  a b o u t th e  P(Cl )  • These p r i o r  p r o b a b i l i t i e s ,  P (C i ) ,  
a re  s u b j e c t iv e l y  chosen  by th e  e x p e r im e n te r  and r e p r e s e n t  a 
p r i o r i  b e l i e f s  a b o u t th e  d i s t r i b u t i o n  o f  th e  P ( C i ) ,  u s u a l ly  
based  upon p re v io u s  e x p e r ie n c e  o r  p e r s o n a l  p r e f e r e n c e .  T h is 
’ s u b je c t iv e  p r i o r  p r o b a b i l i t y '  i s  i n  c o n t r a s t  to  'o b j e c t iv e  
p r o b a b i l i t y ’ w hich may be i n t e r p r e t e d  in  te rm s o f  f re q u e n c y  
f u n c t i o n s •
TThen th e s e  g iv e n  s u b je c t iv e  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n s  
a re  combined w ith  th e  l ik e l ih o o d  f u n c t io n ,  th e  r e s u l t i n g  p o s t e r i o r  
d i s t r i b u t i o n  shows how th e  p r i o r  b e l i e f s  a re  m o d ified  by  
in fo rm a tio n  coming from  th e  d a t a .
"When th e  l ik e l ih o o d  f u n c t io n  o b ta in e d  from  th e  d a t a  lo o k s  
s h a r p , '  th en  i t  commonly happens t h a t  p r i o r  in fo rm a tio n  p e rm its  
th e  P(Ci,) to  be  p l a u s ib l y  e s t im a te d  and* in  g e n e r a l ,  th e  r e s u l t s  
a re  r e l a t i v e l y  i n s e n s i t i v e  to  changes in  th e  a ssu m p tio n s  made 
a b o u t th e s e  P (C i,) .
p o s t e r i o r i  p r o b a b i l i t i e s ,  F(Cj,| E) . T h is  i s  g iv en  by  th e  w e l l -  
known r e l a t i o n
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1 .3  THE SCOPE OF THIS TOF.K
An o u t l i n e  o f  th e  problem  i s  p re s e n te d  in  C h ap te r 2 , where 
some p re v io u s  work and m ethods a re  d is p la y e d  f o r  c o m p a riso n . 
C h ap te r 3 d e v e lo p s  th e  l ik e l ih o o d  f u n c t io n ;  and c h a p te r s  A, 5, 
and 6 show th e  a p p l i c a t io n  o f  B ay es ian  m ethods i n  th e  a n a ly s is  
o f  v a r ia n c e ,  u s in g  r e la x e d  a ssu m p tio n s  upon th e  random e f f e c t .
The c l a s s i c a l  a n a ly s is  o f  v a r ia n c e  a ssu m p tio n s a re  re la x e d  
by  p r e s e n t in g  in d iv id u a l  o b s e r v a t io n s ,  y^- , as b e in g  composed o f  
th e  sum o f  a lo c a t io n  p a ra m e te r , j i ,  a random e f f e c t ,  a^ , 
a s s o c ia te d  w ith  th e  i - t h  g ro u p , and a random e r r o r ,  e jj , o f  th e  
i n d iv id u a l  o b s e r v a t io n .  T h at i s :
+ a* + ejj .
The o n ly  r e s t r i c t i o n s  upon th e  a^ and e ^  a re  t h a t  we know t h e i r  
v a r ia n c e s  and t h a t  t h e i r  e x p e c ta t io n s  a re  each  zero  . F o r a n a ly s i s ,  
i t  i s  assumed t h a t  th e s e  aj, and e jj have a s p e c i f i c  k in d  o f  
non -no rm al d i s t r i b u t i o n  w hich e x h ib i t s  th e s e  c h a r a c t e r i s t i c s .
The e f f e c t s  o f  d e p a r tu re s  from  n o rm a l i ty  upon th e  d i s t r i b u t i o n s  
o f  c e r t a i n  p a ra m e te rs  a re  fo u n d .
-  o  -
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C hapter 2
THE H3F2JULJCIGN OF THE PROBLEM
We s h a l l  exam ine th e  a n a ly s i s  o f  v a r i a n c e  i n  th e  one-w ay  
r a n d o m - e f f e c ts  m odel, t h a t  i s :
7 ij  = p  + t  etj ( 2 .1 )
( i  — 1 , 2 , . . . ,  X j
3 — 1 , 2 , . . • ,  J ) ,
w here y ^  i s  th e  o b s e r v a t io n  i n  th e  i ^  g ro u p , j i  i s  a  l o c a t i o n
p a ra m e te r ,  a*0 i s  th e  random  e f f e c t  a s s o c ia te d  w ith  th e  i ^  g ro u p ,
t i land e ij  i s  th e  e r r o r  i n  th e  ( i , j )  o b s e r v a t i o n .  We s h a l l  assum e
t h a t  th e  aj. a re  d i s t r i b u t e d  in d e p e n d e n t ly  o f  th e  e £j  and t h a t :
E ( a \ )  = 0 ,  f o r  a l l  i
E (e ij ) = 0 ,  f o r  a l l  i ,  3
v a r ia n c e  ( a  ^ ) = f o r  a l l  i
v a r ia n c e  (e*j ) = o -u f o r  a l l  i ,  j
c o v a r ia n c e  ( a j ,  a^) z O  f o r  a l l  i / i
c o v a r ia n c e  (a-t , *^o r  a l l  1> 3 •
We h a v e , t h e r e f o r e :
E (y£j  -  } i)  = 0 ^ + 0 “  .
The p a ra m e te r s  and os" a re  c a l l e d  " v a r ia n c e  com ponents"
and th e  p rob lem  o f  e s t im a t in g  them  h a s  b een  a t ta c k e d  b y  many 
a u th o r s  — s e e ,  f o r  exam p le , B ro ss  (1950) [ 2 ) ,  B ulm er (1 957 ) [ 3 ) ,  
Bush and A nderson  (1963) [4-], Crump (194.6) [ 5 )  and (1951) [ 6 ] ,
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6D a n ie ls  (1939) [ ? ] ,  F i s h e r  (1 935 ) [ s ] ,  G reen (195Z.) [ 9 ] ,
H a le y  (1963) [ lo ]  end many o t h e r s .  In  m ost o f  th e s e  w orks th e  
p ro b lem  was a n a ly se d  from, a s a m p lin g - th e o ry  p o in t  o f  v ie w .
Two m ajo r d i f f i c u l t i e s  a ro s e  and , i n  m ost o f  th e  above w orks, 
w ere l e f t  b a s i c a l l y  u n r e s o lv e d .  One was th e  “n e g a t iv e  e s t im a te d  
v a r i a n c e ” p ro b le m . T h a t i s ,  u s in g  ( 2 .1 )  and th e  a ssu m p tio n  
t h a t  th e  aj, and th e  e^j a re  in d e p e n d e n t among th e m s e lv e s , the  
u n b ia se d  e s t im a te  o f  , v i z . :
= [ S S 3 / ( I - 1 )  -  S S W / l ( J - l ) 3  /  J  , ( 2 .2 )
w ith
s s *  = I I  (yr  -  y, f  ,
j«‘ J
a.
535 I  £ J  ( f i  -  7 )  *«*■*
Vi -  ZL ?*\ / J  »
>•
zr “ £  I  y,j / - *  ,
can  c l e a r l y  ta k e  on n e g a t iv e  v a lu e s .  A ttem p ts  have b een  made 
to  r e s t r i c t  th e  v a lu e s  o f  cr£. to  a  p o s i t i v e  ra n g e  ( s e e ,  f o r  
exam p le , H erbach  (1959) [ “ ■1 and Thompson ( 1962 ) [ “ ] )  • In  th e  
work b y  Thompson, th e  a u th o r  u s e s  a  “r e s t r i c t e d ” maximum 
l ik e l ih o o d  p r i n c i p l e  and th e  r e s u l t  i s  o n ly  s l i g h t l y  d i f f e r e n t  
from  th e  t r a d i t i o n a l  ap p ro ach  u s in g  th e  f u l l  maximum l i k e l i h o o d .  
How ever, t h i s  an p ro ach  h as th e  e f f e c t  o f  d e s t r o y in g  th e  
u n b ia s e d n e s -s " p ro p e r ty  and o f  v e ry  much c o m p lic a tin g  th e  
d i s t r i b u t i o n s  upon w hich one makes i n f e r e n c e s .
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7The second d i f f i c u l t y  a r i s in g  in  th e  t r a d i t i o n a l  approach  
i s  th e  s e n s i t i v i t y  to  d e p a r tu r e s  from  th e  u n d e r ly in g  
a ssu m p tio n s . Most w r i t e r s  presum e t h a t  the  e r r o r ,  e jj , and 
th e  ra n d o m -e ffa c ts  com ponent, a^ , a re  n o rm a lly  d i s t r i b u t e d .  
However, S c h e ffe  (1959) [ 1 3 ] ,  h as shown t h a t  n o n -n o rm a lity , 
p a r t i c u l a r l y  in  th e  a*t and to  a l e s s e r  d eg ree  in  th e  e*. , hasJ
a s e r io u s  e f f e c t  on th e  d i s t r i b u t i o n s  o f  th e  c r i t e r i a  w hich  one 
u s e s  to  make in f e r e n c e s  ab o u t th e  p a ra m e te rs  in  th e  one-w ay 
m odel.
In  an a tte m p t to  so lv e  th e se  (and o th e r )  p ro b lem s, the  
B ay esian  approach  h as been u sed  by  s e v e r a l  r e c e n t  a u th o r s .
T iao  and Tan (1965) [ y l  assumed th e  n o rm a l i ty  o f  e r r o r s  and 
random  e f f e c t s  and used  a n o n - in f o r m a t iv e  p r i o r  p r o b a b i l i t y  
d i s t r i b u t i o n  to  d ev e lo p  p o s t e r i o r  d i s t r i b u t i o n s  o f  th e  va r ia n ce  
com ponents. H i l l  (1965) [  15 l u sed  th e  same a ssu m p tio n s b u t  w ent 
much fu r th e r  by u s i n r  s e v e r a l  p r i o r  p r o b a b i l i t y  d i s t r i b u t i o n s  
( o f  which th e  n o n - in fo rm a tiv e  c a se  i s  o n ly  one) in  h i s  
d ev e lo p m en t. F i l l  gave' much more i n s i g h t  in  h i s  e x p la n a t io n
A
o f  th e  case  when c^  i s  n e g a t iv e .
The an p ro ach es used  to  a n a ly se  th e  second problem  a re  many 
and v a r i e d .  However, th e  u n d e r ly in g  id e a  o f  m ost o f  th e s e  i s  
th e  re p la c e m e n t o f  th e  norm al d i s t r i b u t i o n  by a  fa m ily  o f  non­
norm al d i s t r i b u t i o n s  o r  by an a p p ro x im atio n  to  a d i s t r i b u t i o n  
w hich i s  more g e n e ra l  th an  th e  n o rm a l. In  a d d i t io n ,  m ost o f  
th e  works p la c e  a heavy  em phasis on th e  t h i r d  and f o u r th  
moments as m easures o f  n o n -n o rm a li ty .  F o r exam ple, E. S , P ea rso n  
(192.8) [ l6 ]  and (1929) [ l 7 ]  has s tu d ie d  th e  e f f e c t  o f  u n iv e r s a l
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e x ce ss  and skew ness o f  a v a r i a b le  r e l a t e d  to  S tu d e n t ’ s t .
R . C. G eary (1936) [ i s ]  o b ta in e d  th e  e x p re s s io n  f o r  th e  
d i s t r i b u t i o n  o f  t  i n  sam ples drawn from  a s l i g h t l y  a sy m m etrica l 
p o p u la t io n .  A. K. Gay an (19 A°) [ 19 )  and ( 1950a) [■»] u sed  th e  
E dgew orth S e r ie s  to  d ev e lo p  th e  d i s t r i b u t i o n  o f  t  end th e  
v a r ia n c e  r a t i o  in  random sam ples o f  any  s iz e  drawn from  
a  non-norm al u n iv e r s e .  An a tte m p t to  combine th e  B ay esian  
approach  w ith  a  no n -n o rm al p o p u la t io n  was made by  Box 
and T iao (1964) [ 2 l ] . In  t h a t  work th e  a u th o rs  used  the  
fo l lo w in g  non -no rm al fa m ily  o f  d i s t r i b u t i o n s  to  m easure th e  
e f f e c t s  o f  n o n -n o rm a lity  on th e  p o s t e r i o r  d i s t r i b u t i o n s  o f  th e  
o a ra m e te r  in v o lv ed  in  th e  t e s t  s t a t i s t i c s :
, -oo \  y<^co, (2 .3 )
where: „ „ .
( j—> (l-t-M lt^ )] 1 - 1
k s  |  1 [ 1  + •§-(!•*£)] 2 <rj , and
(D
-
f ( y ;  ©, o - , £ )  = k  exp
I o~
-0 0 <.0 <00  , 0 <V- < ( c d ,  -1< \ ^  1 .
Here @ i s  c o n s id e re d  a "m easure" o f  n o n -n o rm a li ty .
A lthough t h i s  app roach  h as many l i m i t a t i o n s ,  I t  docs 
i l l u s t r a t e  one a l t e r n a t i v e  f o r  s tu d y in g  th e  e f f e c t s  o f  s l i g h t  
d e p a r tu re s  from  n o rm a li ty  i n  th e  d i s t r i b u t i o n  o f  the  v a r io u s  
o a re m e te rs  o f  an assumed m odel.
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9In  t h i s  work we a n a ly se  th e  e f f e c t  o f  n o n -n o rm a lity  b y  th e
B ayesian  method o f  a n a l y s i s .  77e l i m i t  o u r  p o p u la t io n  to  th e
c la s s  o f  e x p o n e n t ia l  row er d i s t r i b u t i o n s  ( 2 , 3 )  i n  p la c e  o f  the
no rm al d i s t r i b u t i o n ,  b u t  u se  th e  13dgeworth S e r i e s .
Our p u rp o se  i s  to  d ev e lo p  th e  p o s t e r io r  d i s t r i b u t i o n s  o f  th e
p a ra m e te r  in  q u e s t io n  and, i f  p o s s ib l e ,  t h e i r  ap p ro x im a tio n s
o r  a s y n p to t ic  e x p a n s io n s , s in c e  th e  d i s t r i b u t i o n s  th em se lv es
v r i l l  be q u i te  com plex and d i f f i c u l t  to  u s e .  We s tu d y  p a r t i c u l a r l y
th e  e f f e c t s  o f  n on -no rm al v a lu e s  on k u r t o s i s .  K o reo v cr, we
s h a l l  a ls o  i n v e s t i g a t e  th e  p o s t e r io r  d i s t r i b u t i o n s  in  th e  s p e c i a l  
' ' ac a se  when o ^  i s  n e g a t iv e .
S in c e  i t  w i l l  p la y  such  an im p o r ta n t  r o l e ,  a  d i s c u s s io n  o f  
th e  c la s s  o f  e x p o n e n t ia l  power d i s t r i b u t i o n s ,  ( 2 .3 ) ,  and th e  
S d g ev n rth  S e r i e s  seems a r p r o p r i a t e  n t t h i s  t im e .
Now the s ta n d a rd iz e d  norm al d i s t r i b u t i o n  may be 7 / r i t t e n :
Ey a llo w in g  q to  ta k e  v a lu e s  o th e r  th a n  2 we o b ta in  w hat may be 
c a l le d  th e  " c la s s  o f  e x p o n e n t ia l  power d i s t r i b u t i o n s " ,  These 
d i s t r i b u t i o n s  were c o n s id e re d  by D iananda (194.9) £22^, Box 
(1953b) [2 3 ^ , and T u rn er ( I9 6 0 )  [2 4.J, w ith  q = 2 / ( 1 + ^ ) .  They 
can  be w r i t t e n  in  th e  g e n e ra l  form :
w ith  q s  2
( 2 , A)
where
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-t
k = 1 +
l + £
and j f } O y  ~oo<£6<{oo , - 1  <i ^  ^  1 •
I n  (2 .4 .) ,  © i s  a l o c a t i o n  paramo t e r  and J  i s  a s c a le  p a ra m e te r .
I t  can  be  r e a d i l y  shown t h a t :
E (y) = 9 , ( 2 .5 )
v a r (y )  = cr-'5'
d t ? )  f l % ( i t ? ) \
f i d t ? )  J 2  ‘
Tfe may a l t e r n a t i v e l y  e x p re s s  (2 .4 .) a s :
F (y j9 ,o -  ) s  03 ( £  )crr ‘ exp ‘ - c ( ?  )
r  'I y -e1 3 V -----
i
w here
c (Q  ) =■
r* d + 9 )
P -H i+ P )
t-t-p
and
<*<?> £ d t ?  ) h  ,
( 2 .6 )
O-^ 0 , -oc 9 <( oo , - 1  <  £  ^  1 .
The p a ra m e te rs  © and o - a re  th e n  th e  mean and th e  s ta n d a rd  
d e v ia t io n  o f  th e  p o p u la t io n , r e s p e c t i v e l y .  The p a ra m e te r  Q 
can  be re g a rd e d  a s  a m easure  o f  k u r t o s i s ,  i n d i c a t i n g  th e  e x te n t  
o f  th e  ’’non-norm ality**  o f  th e  p o p u la t i o n .  I n  p a r t i c u l a r ,  when 
Q= 0 ,  th e  d i s t r i b u t i o n  i s  n o rm a l. Tfhen ( 3 * 1 ,  th e  d i s t r i b u t i o n
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i s  th e  d o u b le  e x p o n e n t ia l :
1
P(y]e>  O-,Q  s i )  -  — ----  exp




F i n a l l y ,  when Q te n d s  to  - 1 ,  i t  can  be shown t h a t  th e  
d i s t r i b u t i o n  te n d s  to  th e  r e c ta n g u la r  d i s t r i b u t i o n :
1 ( 2 . 8) 
lim  F (y  &, cr , $  ) -  — -- ,
1 '  2 \3  O '
6 - ( ?  o ' <  y  <  e t { ?  O' .
F ig .  1 shows th e  e x p o n e n t ia l  power d i s t r i b u t i o n  f o r  v a r io u s  
v a lu e s  o f  (3 . The d i s t r i b u t i o n s  shown have common mean and 
s ta n d a rd  d e v ia t i o n .  Tfe see  t h a t  f o r  £3^ 0 th e  d i s t r i b u t i o n s  
a re  l e p t o k u r t i c ,  end f o r  (}•<( 0 th e y  a re  p l a t y k u r t i c .
To f u r t h e r  i l l u s t r a t e  th e  e f f e c t  o f  ^  on th e  shape o f  th e  
d i s t r i b u t i o n ,  T ab le  1 g iv e s  the  u p p e r 100o(. p e rc e n t  p o in t s  in
u n i t s  o f  cr- f o r  v a r io u s  c h o ic e s  o f  w ith  6  assumed z e ro .
E xcep t f o r  (3 e q u a l  to  zero  and o n e , and th e  l im i t i n g  c a se
- 1 ,  th e  p e rc e n ta g e  p o in ts  i n  th e  t a b le  were c a lc u la t e d  by 
n u m e r ic a l i n t e g r a t i o n  on a com puter (T ieo  and Lund (1970) [2 5 } ) .
In  ( 2 .6 )  we have employed th e  n o n -n o rm a lity  m easure 
w hich makes th e  d o u b le  e x p o n e n t ia l  and th e  r e c ta n g u la r  
d i s t r i b u t i o n  e q u a l ly  d i s c r e p a n t  from  th e  n o rm a l. However, we 
m igh t have u s e d , f o r  exam ple, th e  f a m i l i a r  k u r t o s i s  m easure 
Y x- f o r  th e  c la s s  o f  e x p o n e n t ia l  power d i s t r i b u t i o n s ,
w here k ^  i s  th e  q\t h  cum ulan t o f  th e  d i s t r i b u t i o n .
I t  i s  r e a d i ly  shown t h a t :
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
T ab le  2 f i v e s  th e  v a lu e s  o f  f o r  th e  v a r io u s  v a lu e s  
o f  Q . The v a lu e  o f  , f o r  th e  d o u b le  e x p o n e n t ia l  d i s t r i b u t i o n  
a p p e a rs  a s  3 and, f o r  th e  r e c t a n g u l a r  d i s t r i b u t i o n ,  a s - 1 . 2  .
H . Cram er (1928) £29} h as  shown t h a t  th e  E dgew orth  S e r i e s  
p ro v id e s  an a s jn n p to tic  e x p a n s io n  o f  th e  p r o b a b i l i t y  d i s t r i b u t i o n
i n  pow ers o f  n A , w ith  a re m a in d e r  te rm  o f  th e  same o r d e r  as
th e  moments P j , p ^ ,  . . .  , PatA. • we s h a l l  n o t
go beyond th e  t h i r d  and f o u r th  m om ents. In  o r d e r  to  s im p l i f y  
th e  n o t a t i o n ,  we in tr o d u c e  Yi and , w here:
- j.
-OJ.
th e  f i r s t  te rm  n e g le c t e d .  The te rm s o f  o r d e r  n c o n ta in
Y, and
Y, -  Ji+/aS- -  3 .




-  o  -
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F i g u r e  1
<?=, -€>«7ir
(3 a  ~0.£O p  -  0.3TO
P  ~ O ( Ty&tsniaJ)
F i g .  1* E x p o n e n t ia l  Potrer D i s t r i b u t i o n s  W ith Gorcinon 
S ta n d a rd  D e v ia t io n  F b r  V a r io u s  V a lues .o f  |3
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uT a b le  1
9 =. 0
0 .2 5 0 .1 0 0 .0 5 0 .0 2 5 0 .0 1 0 .0 0 5 0 .0 0 1
- 1 .0 0 0 .8 7 1 .3 9 1 .5 6 1 .6 5 1 .7 0 1 .7 1 1 .7 3
- 0 .7 5 0.84- 1 .3 6 1 .5 7 1 .7 1 1.84. 1 .9 1 2 .0 5
-0-.50 0 .8 0 1 .3 5 1 .6 1 1 .8 1 2 .03 2 .1 6 2 .4 1
- 0 .2 5 0 .7 3 1 .3 1 1 .6 3 1 .8 9 2 .1 8 2 .3 7 2 .7 5
0 .0 0 0 .6 7 1 .2 8 1.64. 1 .9 6 2.33 2 .5 8 3 .0 9
0 .2 5 0 . 6 2 1 .2 5 1 .6 5 2 .0 2 2 .4 6 2 .7 7 3 .4 3
0 .5 0 0 .5 8 1 .2 2 1 .6 5 2 .0 6 2 .5 8 2.94- 3 .7 6
0 .7 5 0 .5 3 1 .1 8 1 .6 4 2 .0 9 2 .6 8 3 .1 0 4 .0 8
1 .0 0 0.4.9 1 .1 4 1 .6 3 2 .1 2 2 .7 7 3 .2 8 4 .3 9
T ab le  1* Upper I0 0 o 4  P e r c e n t  P o in t s  O f The E x p o n e n tia l  
Pbwer D i s t r i b u t i o n  F o r V a rio u s  V alues O f 0  
Xn U n i ts  O f S ta n d a rd  D e v ia t io n  o”  •
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T ab le  2
e V,
- 1 .0 0 - 1 .2
- 0 .7 5 - 1 .0 7
i o • VJl o - 0 .8 1
- 0 .2 5 - 0 .4 5




0 .5 0 1 .2 2
0 .7 5 2 .03
1 .0 0 3 .0 0
T ab le  2 .  R e la t io n s h ip  Between
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Chapter 3
THE LIKELIHOOD FUNCTION L (p , a3* , c& )
B efo re  th e  p o s t e r i o r  d e n s i ty  f u n c t io n s  a re  found th e
CL <1l ik e l ih o o d  f u n c t io n  L(^i, o -  , o j  ) w i l l  be c a s t  in to  a  form  
i n  w hich th e  n o n -n o rm a li ty  ig  c o l l e c t e d  in to  a  s in g le  te rm , D, 
w here i t s  e f f e c t s  may be e x h ib i te d  and s tu d ie d  c o n v e n ie n t ly .
To do t h i s ,  th e  d i s t r i b u t i o n  o f  a^ , f ( a j ; ) ,  i s  expanded 
i n  th e  Edgew orth  s e r i e s  in  w hich th e  p a ra m e te r  o f  sym m etry, YI> 
i s  zero  b e ca u se  o f  th e  f a c t  t h a t  we a re  u s in g  th e  c l a s s  o f  
e x p o n e n t ia l  power d i s t r i b u t i o n s .  The n o n -z e ro  term s a re  th en
CL SIu sed  in  th e  j o i n t  l ik e l ih o o d  f u n c t io n  Lfyi, cr , o ^  ) w hich
w i l l  th e n  be f u r t h e r  s i m p l i f i e d .
I t  i s  assume^ th ^ t  th e  T r io r  o p i n i o n  about p. i s  d i f f u s e
/ A ^ \and t h a t  t h i s  i s  e f f e c t i v e l y  in d e p e n d e n t o f  ( a -  , ; .  T hat
i s ,
P ^ >  y °"a ) = P ty )  P t0'"’’ > ) ( 3 .1 )
w h ere , b ecau se  y. i s  d i f f u s e ,  p(}i) i s  m e re ly  a m u l t i p l i c a t i v e  
c o n s t a n t .
The p. i s  t h e r e f o r e  i n t e g r a t e d  o u t  o f  D to  y i e ld  th e  term  E 
c o n ta in in g  a l l  th e  n o n -n o rm a li ty  in fo rm a tio n  and i t  i s  found 
t h a t  o n ly  a few  te rm s o f  E a re  u s e f u l  f o r  th e  a n a ly s i s  o f  the  
p o s t e r i o r  d e n s i ty  f u n c t io n .
*
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3 . 1  THE LIKELIHOOD FUNCTION
U sing  th e  Edgeworth s e r i e s  th e  d i s t r i b u t i o n  o f  a^ i s  
app rox im ated  by :
f  ( aj; ) 1 + %
Ir 1
- T  -  4 — 1 exp
( 3 ,2 )
U sin g  t h i s  e x p a n s io n , th e  j o i n t  l i k e l ih o o d  f u n c t io n ,
L (;i ,  <yx , c~ ) becom es:
L = * I (cr ( 2 ? )  exp
<Xi
(or  f i i ? )  exp E - * a
i=i
. ,  ( i f , , da, • • •  da^
( 3 ,3 )





- A  i m -  p -20-  i j
• (o r  f z ?  ) exp r  S > * • I f  H( aj ) d a £ ,  (3^
where
H( 0  =  1 ^ r ^ ; . 6 ( i L t  +  3
T h is  H (a^) i s  cho sen  to  g a th e r  te rm s  f o r  i n t e g r a t i o n  a t  a  
l a t e r  s t a g e .
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S im p l ify in g ,  we o b ta in :
- I J   l -X
L =, ( c - ’j i ? ) (<57 -lilt ) exp
ssw sss






H( a j ) exp
a?
(a*. -  h y  f "
2 Q
d a ; ,
U ( p  -  f f  1
2(cri  + Jo ^ x )j
( 3 .5 )
s s b  = .  E  E ( *  ~ y f  >
* j
j p ^





P ro c e e d in g  to  e v a lu a te  th e  l a s t  f a c t o r  we f in d :
H( a? ) exp
I t i
4. I





( - ) - < - )  >=\o r  /  cr; *
CL:







(c-1 -tJoj1 ) (c-1 -tJos* ) <3%
( 3 .6 )
T h e re fo re  th e  l ik e l ih o o d  fu n c t io n  L(}i, a-1-, )
becom es:
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- i J  ,___ ,-x
L = (c -  V 2TT ) ( < £ 'j2 ¥ )  ex?
SSYT SSB
2o-1 2 (cr'i’ - t ) 2 (c r  + J c ^  )
/  2Tf o?“ \
( — — r )  t tV.CT T JCX /  Is*
1  +  - k
4- I
3 J*q r+  6 J  ^
(o-x tJ b ^ i  ) (or" +Jo^i  ) c r ^ j  f
J  J
- ic r-o / -*4 /a»
exp
SS77 SSB y ) ‘
ar*- 2 ( 0-“  +JOS1-) 2( c r ’ 4Jdr* ')
•where 1
d * 7 T
L-»
1  i  ^  
4-i
3 J V * 6  J  P,a ■t -i ( 3 .7 )
T h is  D i s  chosen  to  s e g r e g a te  th e  n o n -n o rm a li ty  in fo rm a tio n  
from  th e  d a t a .
Now, to e v a lu a te  th e  f a c t o r  D we p ro ceed  as fo l lo w s :
d « ¥  I n  Y
3
t=J I 4. J
6 J  <£3 _4-
(a-* + Ja rt )i  (cr* ■tJax1 y5 (a-’- t  J c r*  r
•(«
4*
Y ,_ - * - f  t  V , J V *
t=< i  8 ( 0-^  + Jcu t  )Z 4 . ( o f
-  -  Vx J 0
r y (7< ■* 24. (o-5- i
=~TC" [ b e * b , ( 3 |  - / i ) *  + b ^ ( 7t -  , <3 *8)
w here V  J^brr1**
* 1  + 3 : ------1
b, =
8 (ct-*- -V J a ^ 3 ) 2*
-  v a
*\34.(c~* + J 05 )
bA =
V 3 j V *
24.(tr~a‘ * J  o£ )
A.goin b y  c h o o s in g  a c o n v e n ie n t  s u b s t i t u t i o n ,  t h i s  may now 
be w r i t t e n :
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
20
D = T T  ( b„ t  cc ) 
<.*1
x r-i r-a i-i
where
-  ^  + b . V  a  t  b r  c. c. Y* a  c, c + . . ® ° Z_ *- ° 2_  "* *-* Z_ 1 4 1j
cl = b l (?i ** J1) + >
o r ,  in  te rras o f  th e  p re v io u s  n o t a t i o n :
£ n  t— r* a. 4* T
= b . + b„ 2_ ^b, ( y. -  ; i)  «V b *(y t -  ; i)  j  -
+  b * X ]  [ b « ( 3 J , - ) 0  - p f  • b ,  4  b ^ C y ^ - p )  J  -  
+  b « 3 ] E  | b ‘ ( 7 i , - ^ f  + M ^ ,  - J i T l -
W i< ij -*
* [ b ) ^ i 3 " ^ ) a  +  M 5 , - } 0 * J  *» • • •
+ T T  £b, (yt -  ; i f  t  b4 (y{ -  j i f J  .
I f  now we e x p re s s  D in  more d e t a i l  f o r  u se  in  f u tu r e  w ork, 
we o b t a i n ,  u s in g  th e  f a c t  . t h a t :  3^  - p .  s  ( y  - ^ )  + (y { -  y) ,
a. ^.1
b. ( \ “ )0  + ba (Xi *
( 3 .9 )
X l-» _5t f 2^'
d = b„ + b, Y _ \  { £ ( y - j O
J .5,=o




* - & 1* 1 c v ^ '
I-J t  b#
a  21 ;
Sa
t t i w . ,  I  £ £ t c y - J * - k ‘
Ai*t Aj»'_ _ V 5,-0 J^v $fO




t . . . t
o a. a
X *
„ =- 1 i  [ sA* aA*. aAl
♦  b ,  7  £ .  .  . £  V v \  )  I  I -  I  ( y  •
Ai«-> 1 „5|«© Sji^ o 5x«o
O O -  C ) V  ( yq -  y ) 1 ( 5^  -  f t u • • • ( \  -  y f 1
(3 .1 0 )
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To s im p l i f y  th e  above e x p re s s io n  we u se  a  c o n v e n tio n  . L e t  
u s  d e n o te
G^ , *!s) = z O  Q  [ i f '  ^ *_y)^
th e  sum m ation b e in g  ta k e n  o v e r  a l l  p o s s ib le  ( S j ,  Sa ) su ch  t h a t  
S =. S4 + Sa  ,  0 ^ S, < 2A j, 0 < S a $ 2 k l  .
Now, in  g e n e r a l :
°»A , ( ^ ' )  ( S iX)  • • • ( ^ )  •
• r  H  (yt -  -  y ) 1 • • • Cy,6 -  y f c 1 > ( 3 . u )
Li.<U <-<icth e  sum m ation a g a in  b e in g  ta k e n  o v e r  a l l  p o s s ib l e  c o m b in a tio n s  
o f  (S , , S j ,  . . . , Sc ) such  t h a t  S, + S i +  . . .  t S;  t S ,
0 4 S, £ 2 k yt . . . , O i S c $ 2AC.
Then
t t o o  [ t * - *  * - * ]S‘ '  '  S j- '  M ix■Si**
■ T  2  Q O [ g * ' - ^ - rfi
JAt+M*-
=  y ~  , » ^  >
4 « .  ( 3 .1 2 )
w here S = S, + S ^ .
T h a t i s  to  s a y ,  th e  pow ers o f  ( y  -  y.) a re  now s e g re g a te d  in to  
th e  G te rm s .
U sin g  th e  above c o n v e n tio n  we may now w r i te  D a s :
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D s  b,  -v
- t b f 0  |  b , [ ( J - p f  O jO )  1 ( y-Jj) G4 ( l )  t  0 ^ (2 ) ]
*T b J C y - j l f  0 ^ ( 0 )  t  ( f - p . j  0 ¥ ( 1 )  +  ( f - p )  0 ^ ( 2 )  t  ( y -n)  0 ^ ( 3 )  +  O + U ) ] ] -
*
+ ^ | b i b»pj?“J1^ ci tj(C) + t  ( f - p f ^ U )  t  (y -u )G aA(3 )T  f ^ U ) ]
•t b, ^ [(y -ji)* *  Ga +( 0 ) f  ( y - u f  GJj4.( 1 ) t  ( y - u f  G  ^+( 2 )
+ ( y - p f  o ^ O )  t  (y -^ )  Ga, ^ )  + (y - ,p)
* bab, [ ( y - j i f  G4 l (0 )  + ( y - j i f  G+jJ. ( l )  + ( y - ^ f  GV t(2 )  
+ (y-uf G%J3) * ( y - p f  C r ^ A )  -v (y-^ ) G^ (5) + G+j^ )] 
t b^ [_(y - p f  G^ (°) t (y-p? Gtjif(l) + (y-uf Gq,^ 2) 
t  (y -« ?  G.  (? ) t  ( y - p f  nv  f ( z ) t  ( y ~ p f  G» r(5 )/ *»r * * *»i
t  (y -u )  g+^( 6) t  ( y - /0  G+i+( 7 ) + G+ ,^ s ) ] |
o f  i l
t  b0 «[-b, b, . . .  b , [ ( y - ; i )  Ga, a, ^
I *~~~ ~ v- . - r
V 1  2«
+ ( y - p )  Ga§a<  ^ ( 2 1 ) ] +
( 0)  V . . .
%L
+ b^b^ . . .  b a [(y - ;i)  G*.*,............ . ^ ( 0 ) +
V v —— ^  y -
* (y -^ )  g * ,4-, < 4 D ] (3*13)
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I f  re  c o l l e c t  te rm s in v o lv in g  (y - j i f" end s im p l i f y  th e  
c o e f f i c i e n t s  o f  th e s e  te rm s , we o b ta in  f o r  t h a t  te rm :
C7-P) L b «Ga.(°) + \ Z * ( 2 ) ]  +
t  ^ [ b , b ,  0Aa( 2) -r b, b ^ U )  t  b.b, G ^ U ) t  b ^ O ,.. (6 )]  
t  £ ?  [ b ,b i  b . G ^ U )  + b (b ^ b , G ^ A( 6 ) * . . . * 
t  b ^ b ^ G ^  10)]+
* . . .  + (3 .1 A )
i ' b «  Z Z  Z * *  Z  W * * # \  ^  5 1 2 A * * "  2 U } <
A,»i At») Aj»i **'' '
Now r e t u r n i n g  to  th e  g e n e ra l  e x p re s s io n  and c o l l e c t i n g  th e  te rm s 
c o n ta in in g  (y -jO  and s im p l i f y in g ,  we f i n d  f o r  D:
T) = be -r
iti t  -i. ci-ti 3- x  2.
+  E E  b »  I  I —  I  \  V • • • b *  •
r -’ ‘ *1 V-i 4,=i 4 ,.,
• G^ , , ^ .... a * <  l 2 At - r )  , ( 3 . 1 5 )
r-»
w here t  t
G^ i,>Aa. - W  Z  2Al -  r ) * ^  ^  Z 2Ai " T -  ° .
I I
(N ote t h a t  G (0 )  -  G„ 4 (0 )  = . . . r  0 . .  , > (0 ) =. 1 . )
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3 .2  THE FOSTEP. 10H. DISTRIBUTION
Ue have c a s t  th e  f a c t o r  D in to  th e  above form  in  o r d e r  to 
o b ta in  a s im p lif ie r !  form  f o r  th e  l ik e l ih o o d  fu n c t io n  L (p , cr ', o~) . 
By d e n o tin g  a  s u b je c t iv e ly - c h o s e n  p r i o r  d e n s i ty  as p(}i, CT", o ~ )  , 
th e  p o s t e r io r  d e n s i ty  becom es:
f(} i, o-x , o~ ) oC pfya, o-1 , o j  ) • L (ji, o-x ,  o j  ) .
S in ce  a l l  o f  o u r  a n a ly s is  w i l l  be b a sed  on th e  a ssum ption  
o f  d i f f u s e  p r i o r  o p in io n  f o r  y  e f f e c t i v e l y  in d e p e n d e n t o f  t h a t  
f o r  (cr-1’ , o ^  ) ,  we h a v e , ro u g h ly ,
p ( ji ,  c-5" , o~ ) = p (p )  *p(o— , o j  )
-  c o n s t .  p(cr^ , ) '
p (o>  , o {  ) .
T h a t i s  to sa y , th e  p r i o r  d e n s i ty  f u n c t io n  p ( p ,  0- ^ , 0^ )  i s  
d e f in e d  up to  a m u l t i p l i c a t i v e  c o n s ta n t ,  p ( j i ) , w hich le a v e s  th e  
p o s t e r i o r  d e n s i ty  f u n c t io n ,  f ( j i ,  , o ; ) ,  u n ch an g ed . T h is 
c o n s ta n t  w i l l  have no e f f e c t  upon f ( o ^  , 05  ) s in c e  i t  w i l l  
c a n c e l  upon n o rm a liz in g  th e  p ro d u c t on th e  r i g h t  hand, s id e  o f  
f  oc  p*L .
The above assu m p tio n  o f  d i f f u s e  p r i o r  o p in io n  f o r  y. i s  n o t  
u n d u ly  r e s t r i c t i v e  and le a d s  to  th e  app rox im ate  m a rg in a l 
p o s t e r io r  d e n s i ty  ffcr-1" , o~  ^ ) by  i n t e g r a t i n g ^  o u t  o f  
f ( ) i ,  , a~ ) ,  th u s :
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,00





, o~ ) *L(u, a - '  , o j  ) dp 
»
OC p (o *X > ) (O- 1 ) '*
- l / o
tCO
SSW SSB
t x t  * N(o~ r  J o ?  ) •
I  J (p -y )**=>•3° j- ° j  t -i
-  -----  -  ______________  -   I . D du
2o-x 2 (<r*z t J o f  ) 2 (a-"- t  J  c ~ - )  3
- ItfH)/ p- SSW -. _ -
OC p(cr" ,cj) (o ^  ) exp J  (o - ■i J  <£■ )
.oO
t SSB q  p xu  -|-  ---------------------  D *exp -   -»  du  .o(vr^  .* j  ax2") ' J  *- 2(cr~ '
- \ xI  J (p -y ) ‘
2 ( x r ' t  J aX2*) J J L 2( 0^
(3 .1 6 )




f(o~ z , 0^" ) oC p (cr^  ,o ^  ) (cK1 ) A exp
P  -j
L Tst^  J
■w r  330  i
(cr- -t J  o£  ) e x p ---------   *“
L 2 (cr-x ^ J o s x ) J
where -s3*
S -
r l . J  (j i-y )  -I
D *exp -   ---- —--------------  du .
L 2(o>  + J o * 0 J r
( 3 .3 7 )
T h is  3  i s  th e  s e g re g a te d  n o n -n o rm a l i ty  in fo rm a tio n  o b ta in e d  b y  
i n t e g r a t i n g  th e  p. o u t  o f  D*
Now D i s  a  p o ly n o m ia l i n  ( f - f i ) ,  w here th e  pow ers ra n g e  from  
0  to 41 , and
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r  r  I J  ( y -p .?  -i
r- u )  * e x p ------------------------------ du
^  L 2<o-> + J o 3 > )  J 'j ,JJL TV
Vcr* i  J  o j  \  £  /&•*■ t  X1  f o r  ro- ■* J q j  \  Y /
\ / 2n^-—  ------------ J *1*3*5* . . .  • ( r - l ) » ^  ^
0 , f o r  r  o d d ,
so t h a t  wo h a v e :
f -  I J  ( y - p f 1 •»
E -  1 D *oxp -  -----------------------  du
JA  i  2( 0-^ r
\  j / t r 3* + J  «3XV\  f t  C**) i  i  a
.  \ / a i i ( — — — )  k  ■> I >  Z L - - L '
I Af i  *t*
t
* D^ ,b^ * * * \  *G^«. ( Z 2A^  3
i oven
t-i
i t  /O'* T J  C£z 1 -  J±.
t  L  [ 1 - 3 - 5 -  . . .  • (2m -l)][-----— --------)  £  b* H  * * * Z  *
./<r + \ K ?l
>-) ^ ^ ^  /^ rn
’[ V a t .  " •  \  ' G:Lhu> l\^"-i2 ,^  zL 2Ai ’
T h e re fo re  we may w r i te  f o r  th e  l ik e l ih o o d  f u n c t io n  o'-* , ojj ) :
-Xtf-OA p SSV7 r SSB -i
L oC (o-z ) exp I - ------  (o -  +J 05 ) e x p  — -----------—- I  -F
L ar-3, J 2(cr- t J  c£ )•*
w here
( 3 . IS )
ro2* i  J  ^ 1 -£■
I  J
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3 .3  THE HON-EOP.MALITT FACTOR
E x am in a tio n  o f  th e  n o n -n o rm a lity  f a c t o r ,  E, in  th e  l ik e l ih o o d  
f u n c t io n  L(o-x , ) shows t h a t  in fo rm a tio n  a b o u t th e  SSB has been
c o n c e n tra te d  in  th e  f i r s t  th r e e  te rm s . T h e re fo re  we d rop  th e  
f o u r th  and su b se q u e n t te rm s s in c e  th e y  y i e ld  no in fo rm a tio n  f o r  
o u r  f u r t h e r  a n a ly s i s  o f  n o n -n o rm a li ty .  The lo n g  and c o m p lic a te d  
c a l c u l a t i o n  and m a n ip u la t io n s  u se d  in  o b ta in in g  t h i s  r e s u l t  w i l l  
be o m itte d  f o r  c l a r i t y .
A fte r  i n t e g r a t i n g ^  o u t  o f  D and d ro p p in g  te rm s f o r  
s u f f i c i e n t l y  la r g e  J ,  E i s  app ro x im ated  by:
f  r  1 J  ( y - p )  "I f  I  H  x -X  }
E -  exp -    - «  I J b 0 + b ,  J  Cl t  b. V  ct| cu  I dy
J  L 2(o- + J  ox ) -* \  . I tZiT. J
/*
    f  T J  Ol \  K
=  \2T) <   l  +  ~  •
^ I  J  /  v  8 /
[<-?)
* (>•*) (*)
’ c -  f K f )  7  ( I ■ - >*
T h is  may be w r i t t e n  as th e  p r o p o r t io n :
B’ oC (o-t  t  J  05  ) 1 + d, t  7 t d3 -  I ,
o- -t J  05: /  'o -  t  J  ^
(3.50)
where
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a ,  =  (  5X . I  -  5 V a  t  8 )  ,
6 4 . I
a x  =  [ X d -  5 )  -  8 ( 1 - 1 ) ]
“3 O T  J  *
ds r
3 2 1
X C X  1 8 )
192
We a re  th o n  l o f t  w ith  th o  f a c t o r :
[  3. + a , t  aa ( - r ~ — ---------)  ]
L V  t J o j 5- '  ‘ cr~ t  J  o f '  J
w hich c o n ta in s  th o  in fo rm a tio n  a b o u t n o n -n o r m a l i ty .
3 y  u s in g  tho  above in f o r m a t io n ,  we may ap p ro x im ate  th o  




f  (o ^  ,o£* ) oC p(o^" t cr£' ) •(o -u ) exp | ------------- I (ct2- t  Jqsl") *  •
*- 0 1 J
P SSB n r  /  SSB \  f  s
5XP L 2 ( 0^  * J o ; 1 ) J L1  ^ dl + J o 3 -)  + d3 W > J o s ' .
( 3 . 21)
F o r o u r  f u r t h e r  a n a l y s i s ,  th o  above e x p re s s io n  w i l l  bo 
u se d  a s  th e  p o s t e r i o r  d e n s i ty  f u n c t io n  o f  (cr , cr^_) .
-  o  -
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THE TO STEP. 10?. INFERENCE OH <r*
The p o s t e r i o r  d e n s i ty  f u n c t io n  o f  (o^~ , ) h a s  now been
c a s t  in to  a form  -which d i s p l a y s  th e  n o n -n o rm a l i ty  f a c t o r  
s e o s r a t c l y .  T h is  fo rm  i s  th e n  u sed  to  o b ta in  th e  p o s t e r i o r  
d e n s i ty  f u n c t io n s  o f  o-'" , o ^  } and th e  r a t i o  /o^~ , w hich  
w i l l  be d e a l t  w ith  in  t h i s  and. th e  fo l lo w in g  t r o  c h a p te r s .
The m a rg in a l  p o s t e r i o r  d e n s i ty  f u n c t io n  o f  w hich we 
w ish  to  exam ine i s  o b ta in e d  by  i n t e g r a t i n g  o*^ o u t  o f  
f  (o3- , ) ,  th u s :
f  (o3  ) -  f  f(o^* , o^  ) dos?’
D
p ooh
oC (o ^  ) e x p ----------
L 2  c 3’ -1
r  SSB 1
p (o ^  ) •(ew + C f q r )  CXP    I ----------- —
L 2 (0-  •* o"oef- ) J
r  f  335  \  (  ‘
X t d ' * — — T ^ )  + dH “ ^ T ^ \o -  t  u  C; /  Vo- V
SSB '?
crcs:
d q f -
U .l)
To b e g in  th e  a n a ly s i s  l e t  u s  c o n s id e r  th e  f a c t o r  o f  fXo“ )
, - ^ A  r  333  1
P ' ( ^  ) = \ p (« r  ,<£ )* (o 3’ + J  < £ ' ) e=fP I -  “ 7 T ~ ~ T T
»- 2 (o - tJosT ) J
SSB s /  SSB
* * ( o> + Jo r
dog;2*
U .2 )
as  a  p a r t i a l  p o s t e r i o r  d i s t r i b u t i o n  b a sed  o n ly  on  th e  d a t a  3*. j
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and c o n s id e r  th e  o th e r  f a c t o r  o f  f (o ^  )
L(o- | SS77) = (cr-' )
2 c r  >
as a l ik e l ih o o d  f u n c t io n  b ased  o n ly  on th e  d e v ia t io n s  (yt, -  y^. )
The o v e r a l l  m a rg in a l  p o s t e r i o r  d e n s i ty  may th u s  be w r i t t e n :
We r i l l  u se  th r e e  d i f f e r e n t  p r i o r s  f o r  p , (o-x ) .  F i r s t  re  
u se  a s t a b le  e s t im a t io n  p r i o r ;  second r e  assume th e  ind ep en d en ce  
o f  o^~ and > and t h i r d  r e  r i l l  use th e  n o n - in fo rm a tiv c  p r i o r
u sed  by  Tiao and T an.
4 .1  ASSUMPTION OF A STABLE ESTIMATION PRIOR
2. /  \  I n f e r e n c e  o n  o*  ^ i s  m ost s e n s i t i v e  to  th e  f a c t o r  p f (®“ ) .
T h is  s e n s i t i v i t y  h a s  b e e n  b e s t  r e p o r te d  i n  th e  work o f  H i l l ,  from
whose p a p e r  £ 1 5 ) th e  fo l lo w in g  th r e e  p a ra g ra p h s  a re  q u o te d .
"When p ’ to*^ ) can  be re g a rd e d  as g e n t le  r e l a t i v e  to  L(<r | SSW) 
th e  p r i n c i p l e  o f  s t a b l e  m easurem ent a p p l ie s  and f ( o ~ '  ) T r i l l  
b e  n e a r ly  p r o p o r t io n a l  to  L(<r-X \  SS&) .
f  (er-’ ) oC p 1 (o^* ) *L(c> | SSW) .
F o r  exam ple , i f  p 1(o-a ) oC o - ^  ( s t r i c t l y  sp e ak in g  t h i s  i s  
im p o s s ib le ,  b u t  when s t a b l e  e s t im a t io n  o c c u r s ,  th e  e x a c t
c h o ic e  o f  p ’ (o^* ) i s  im m a te r ia l}  ,th en *
- IC J-P  , 
f (cr~ ) oC (o—' ) a  exp
so t h a t  o-x I s  d i s t r i b u t e d  a p p ro x im a te ly  as* , where
i s  a  random  v a r i a b l e  h a v in g  c h i- s q u a re  d i s t r i b u t i o n  w ith  V 
d e g re e s  o f  freed o m .
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[ ^ P a r e n t h e t i c a l l y  we n o te  t h a t  any in f o r m a t io n  from  non­
n o r m a l i ty  i s  n o t  u sed  a t  a l l * 3 T h is  r e s u l t  i s  i n  harm ony 
w ith  th e  c o n v e n t io n a l  a p p ro a ch  u n d e r  w h ich  SSW/o-*' h a s  
t h e  c h i - s q u a r e  d i s t r i b u t i o n  w ith  I ( J - l )  d e g re e s  o f  
freed o m  f o r  g iv e n  tr-*' •
From a  B a y e s ia n  v ie w p o in t ,  how ever, t h i s  " s t a b l e  
m easu rem en t p o s t e r i o r "  i s  m e re ly  one ( r a t h e r  s im p le )  p o s t e r i o r  
d i s t r i b u t i o n  t h a t  may a r i s e ,  and we can  n o t  r e g a rd  i t  a s  h a v in g  
any in n a te  s i g n i f i c a n c e ,  e x c e p t ,  a t  b e s t ,  a s  a  r e a s o n a b le  
a p p ro x im a tio n  i n  some c irc u m s ta n c e s *  In d e e d , th e  f a c t o r  p 1 (o ^  ) 
may n o t  be  g e n t l e  r e l a t i v e  to  L(o-*' \ SSW) ev en  th o u g h  sam ple  
s i z e s  a re  l a r g e  and LCc-1 J SSTf) i s  q u i te  s h a rp  and we m ust be 
e x tre m e ly  c a u t io u s  i n  u s in g  th e  s t a b l e  m easurem ent ap p ro x im a tio n *
A .2 ASSUMPTION OF INDEPENDENCE OF AND
We s h a l l  now assume th a t  cr*1 and a are in d ep en d en t. Then 
p (o -x , tr£ ) = p, (ct“j ) *pz (cr^4) .
T h is assum ption i s  j u s t i f i e d  i f  we co n s id e r  th a t  c“ * i s  th e  
v a r ia t io n  o f  t r u e  means betw een groups and o~* i s  the v a r ia t io n  
o f  th e  measurement e r ro r  o f  each o b s e rv a tio n . We th en  have, 
under th i s  assum ptions
f(<T> ) = i f(<F" , <£ ) ^
d
oC Pj (c-3* ) •L(o-?' ( SSW) •
- ( l - lv  r  SSB -»
• j  ^ ~  « p [ -  t j  -■ J  •
*o
r  (  SSB \  f  SSE x• l t d ,  t  a, ( — -------- ) t  d3 ( — ---------- ) dc^ .
L V "  tJos1 /  ^  tJoz*' y j  t i *
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I f  We USC
F ° C  (c~
“(A: r T‘)  r  ° *  ]1 ; oxn 1 -    t
‘  2 c r^  ■»
( 4 - 6 )
30 t h a t  (o -5, ) haa a oarm a d i s t r i b u t i o n  v rith  p a ra m e te rs  Aa/2
and Ca / 2  chosen  s u b j e c t i v e l y ,  th e n :
\SO
f ( o - x  ) OC P, (a3 ' ) •L(o3’ I SSW) ( < n z ) exp
■(h )
-  2 o ?  J
SSB \ ✓ SSBf-,j- SSBi p /. /- B
( 4- 7 )
w here ,2  a- _ 2,h  =: a- + J a r  .
I f  we d e n o te  th e  l a s t  i n t e g r a l  b y  T, th e n :
,00
T m I ( o ^ )
< ^ 'Ar  . A v )  r  0» ,  ^ A  r  SSB n
e x p ------------- * ( h ) e x p ------------ - •
L 2 0 ? }  I  2 h “ J
so
= ( l td !  )
-A % -t ^  ^
• (o^  ) e x p ------------ ---  (h  ) exp
*- 2 o>J
r  S S B 1 j  *









2 or" A L 2 h S
00 -Aya-} -  c* -r -(lriY^ r  SSB 1
( a ? )  exp y -  — —j* (h  ) 
V i* - «p r- - 1  •<*)“* -  [- ”  w **. 2o?  J *- 2 h i J
ft (4 -8 )
I f  we lo o k  a t  th e  f i r s t  i n t e g r a l  o f  th e  l a s t  e x p re s s io n  in  more
d e t a i l ,  we see  t h a t :
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T>
v/here we have s u b s t i t u t e d  y  — J®sC *
Thug th e  above i n t e g r a l  may be c o n s id e r e d ,  a t  l e a s t  o n  th e  
p o s i t i v e  h a l f - l i n e ,  a s  b e in g  p r o p o r t i o n a l  to  a  d e n s i ty  f u n c t io n  
o f  tiro in d e p e n d e n t random  v a r i a b l e s
w here X  and Y a r e  in d e p e n d e n t random  v a r i a b l e s  h a v in g  i n v e r t e d  
gamma d e n s i ty  f in a c t io n s .
f  ( t )  oC t  e , t  £  0 ,
S im i la r ly  th e  second  i n t e g r a l ,  L^, and th e  t h i r d  i n t e g r a l ,  
I 3 } may be  re g a rd e d  a s  p r o p o r t io n a l  to  th e  d e n s i ty  f u n c t io n  o f
a random  v a r i a b l e
r e s p e c t i v e l y
Then th e  o v e r - a l l  p o s t e r i o r  d i s t r i b u t i o n  o f  <r-i ’ may be re g a rd e d  
as a  w e ig h tin g  o f  p , (o -1" ) •L(crz ( SS7T) b y  T, w hich i s  a l i n e a r  
co m b in a tio n  o f  d e n s i ty  f u n c t i o n s ,  each  o f  w hich  i s  th e  d e n s i ty  
f u n c t io n  o f  th e  d i f f e r e n c e  o f  in d e p e n d e n t in v e r te d  gamma v a r i a b l e s .
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V a rio u s  s i t u a t i o n s  may now a r i s e .  T hus, ( th e  p a ra m e te r  
o f  k u r t o s i s )  may be 0 ;  th e  SSB may be 0 ;  Yz  may be  n e g a t iv e ;  o r
^ m a y  be p o s i t i v e .  These s i t u a t i o n s  we s h a l l  now re v ie w .
4 ..2 .1  The P a ra m e te r  Of K u r to s is  I s  Zero
In  th e  f i r s t  c a s e ,  i f  Y->.(tho p a ra m e te r  o f  k u r t o s i s )  ta k e s
on  th e  v a lu e  0 , w hich means t h a t  CU— N(0 , ) ,  th e n  a l l  th e
d | da ^  d j = 0 . We a re  th e n  l e f t  w ith  o n ly  th e  f i r s t  
i n t e g r a l ,  nam ely :
? (cr - ) oC p, (o -x ) •L(oj u | SSW) .
f  r  ^ ^  .  -'**%, r  . SSB ,
• \ (o-a ) 5XP    (o - tJosT ) « t p   ------------
I  L 2o* \ L 2 (o *  +JcK' - ) J
f f FI 1-3 SSBnV Ar JC*lV) 
OC p , ( a - ' ) .L(o-‘  | SSW) .g j \ j  [ —  , — j J -  ( i  [ " J  ’ T J /  j ' , , , .
T h e re fo re  th e  p o s t e r i o r  d i s t r i b u t i o n  o f  o- may be re g a rd e d  as a
w e ig h tin g  o f  p t (<r-L ) •L (ew '| SS7T) by  th e  d e n s i ty  o f
/ r -  n-1
Z =. I t ■ “ J - f e ■ t )J •
th e  r e s u l t i n g  f u n c t io n  b e in g  n o rm a liz e d  to  have u n i t  a r e a  on th e  
p o s i t i v e  h a l f - l i n e .
A.t t h i s  j u n c tu r e  i t  i s  i n t e r e s t i n g  to  f in d  th e  mean and th e  
mode o f  Z . The mean i s  found  d i r e c t l y  from  th e  in v e r te d  gamma 
v a r i a t e s ;
th u s :
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S (z )  -  S(X -  Y)
-  # T  • = ] )2 ' -  S ’([£■ j f
SSB/2 J C* / 2
1-3 -  1 Xg _ 1 
2  ~  ~
SSB J Ct\
1 - 5  V  2 U . l l )
However, th e  mode i s  found o n ly  w ith  some d i f f i c u l t y .  The 
e x p re s s io n  o f  th e  i n t e g r a l ,  J \  , does s u g g e s t  t h a t ,  when Xa/ 2  -  ; 
i s  l a r g e ,  we can w r i t e :
so
I, = j (o >  + Jo^  ) exp
-tl 'D // *- T~* 4'  *Ca (cr +Jc£
SSB
2(0-^ t  Jos' ) 
SSB
•i o ) exp
’>0 ?
; } 5XP '  , /  -  r - ' ,  1 ( 0 52 (0~ +J05. ) -I I
-  t j S s " ) "* ^  [ -  3 7 7 ]  ( — )
L > J X 2 /
-  2  c -
exp




<\ \  ^ 2-




exp c- 2(o^" t  Jo j*  ) U .
-A v  -1
w here or3" i s  th e  v a lu e  o f  a t  w hich (o r1 ) exp r - ^ - i
u 2 0£*J
has i t s  mweltHUffi v a lu e .  Also;
In  r>3( rr£ ) = 0 , to g e th e r  w ith
g iv e s  u s
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T h e re fo re
- t t - 0 4
SSBf  JC o. \  r  SSE
i ,  v ) G*P -  I
V. A** 2 /  L 2(0_3- + J  5* .
; V  2
As an a s i d e ,  we n o te  t h a t  th e  ahove shows t h a t  th e  
d i f f e r e n c e  o f  in d e p e n d e n t in v e r t e d  gamma v a r i a t e s  ig  
a p p ro x im a te ly  d i s t r i b u t e d  a s  an in v e r t e d  gemma v a r i a t e  in  
th e  i n t e r v a l
2. SO- ^ ----- “ ,
Aa + 2
dr I n  I j
and In  Tj = 0 , t o e - t h e r  -— Z  "  0  u s
_  J C ^
o 1* = MSB -  ------------  . (A .13)
Aa -t 2
JC ^
T h e re fo re  th e  mode o f  Z i s  a p p ro x im a te ly  MSB — ------------
A a * 2
Ag we see  from  th e  mean and th e  n o d e , 2 can c l e a r l y  be n e g a t iv e .  
B u t o n ly  th e  p o r t io n  o f  i t s  d e n s i ty  f o r  0 i s  r e l e v a n t  to
th e  o v e r - a l l  p o s t e r i o r  d i s t r i b u t i o n  o f  o '-3*.
SSB J  G*
Vfe have now lo c a te d  th e  mean o f  Z a t  -----  r - ----------  and th e
1 - 5  A * -2
SSB J  J  C*
th e  mode o f  Z ro u g h ly  a t    -    -  MSB -    , w hich two
1 - 1  Aa+2 A \  -V2
q u a n t i t i e s  a re  m easu re s  o f  th e  c e n t r a l  te n d e n c y  o f  th e
d i s t r i b u t i o n  o f  Z . The mode o f  Z p la y s  an e s p e c i a l l y  im p o r ta n t
r o l e  h e r e .  T hese  r o l e s  a re  d is c u s s e d  b y  H i l l  [ 1 5 ] i n  th e
fo l lo w in g  w ords:
When MSB -  J C a / ( \ x *  2) < °> th e n  'th « d e n s i ty  f u n c t io n  o f  Z 
w i l l  be  mono to n ic  a l l y  d e c r e a s in g  f o r  % 0 and th e  e f f e c t
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o f  the in fo rm a tio n  su p p lied  by th e  y .^ w i l l  be to m odify the
p a r t i a l  p o s te r io r  p, (o-2, ) .LCcr* | SSW) based upon y:. -  y£, 
alone hy g iv in g  the g r e a te s t  w eight to  sm all o-*’ and th u s
ten d in g  to  move o p in io n s downward.
When MSB -  J  C a . / ( \a + 2) i s  p o s i t iv e ,  th en  the  d e n s ity  
o f  Z w i l l  have o n ly  a p o r t io n  o f  i t s  l e f t  t a i l  below  zero
and th e re  i s  a  p o s s i b i l i t y  o f  o b ta in in g  an ex trem ely  sharp
p o s te r io r  f(o -^*),
4 .2 ,2  The SSB I s  Zero
I n  th e  second  c a se  we assume t h a t  SSB = 0 ( a lth o u g h  to  do so
i s  v e ry  u n r e a l i s t i c )  in  o r d e r  to  s e c  th e  e f f e c t  f o r  v e r y  s n a i l  SSB,
The e x p re s s io n  T i s  r e w r i t t e n  a s :
T oC
F o r SSB =i 0 , th e  l a s t  two te rm s w i l l  be z e ro , so t h a t :
A gain , l e t t i n g  SSB = 0 in  th e  e x p o n en t y i e l d s :
To i n t e g r a t e ,  we u se  th e  same a p p ro x im a tio n  as b e fo re





V ^ t 2  /
'4 . 3  5)
The above e x p re s s io n  ^hows t h a t  th e  g e n e r a l  p i c t u r e  o f  T w i l l  be:
T herefore  th e  e f f e c t  o f  T on the p o s te r io r  d e n s i ty ,  i( ty^  )
again  depends ucon th e  p r io r  d e n s i ty  o f  05 , r e f le c te d  by 
the  param eters  Cq. and , and the  p o s te r io r  experim ent J ,  
which i s  the samnle sizd  in  each g roup .
I f  SS3 i s  sm all o r  ze ro , then  th e  l a r g e r  i s  J ,  th e  f l a t t e r  
T becomes, and, in  tu rn , the p o s te r io r  d e n s i ty  ff<r-x ) i s  
p ro p o r tio n a l to  p^o-*  ) L (c r '| SSW), which i s  f re e  from 03J'a. •
f(o-'*') OC 0 ,(0 -* “) 1 .( ^ 1  SSW)
—X(j-i v
oC p t ( 0 “ )-(cr> ) exp
r  SSW -j
L 2 c -1- U d 6 )
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Thin c o n ta in s . how ever, the f a c t o r  p, (<?-*’ ) in  a d d it io n  to  the  
re«mifc under th e  s t a b le  e s t im a to r  r r io r  in  (A .A) . On the o th e r  
h ard , i f  ......... sm a ll, o r  a lm ost s a w ,  th en  we hsve
* a +2
A. 2 ,3  The P sram eter o f  X u r to s is  i s  N ega tive
When we ex p r ess  T an a stun o f  ind ep en d en t in v e r te d  gamma 
v a r ia t e s  we o b ta in
I f  we now assume a ’ s p e c i f i c  v a lu e  f o r  the param eter o f  
k u r t o s ls ,  sa y  Ya. r **1»2* * h ich  means th e  a t are uniform  random 
v a r ia t e s ,  then  we n a tu r a l ly  e x p e c t a much sm a lle r  SSB than in  
th e  normal random v a r ia t e  c a s e ,  s in c e  the a i  are more e v e n ly  
d is tr ib u te d  o v e r  th e  sh o r te r  in t e r v a l*  T h is  means th a t  we are  
v e r y  l i k e l y  to  have a n e g a t iv e  mode.
where T g iv en  th e  w eigh t on th e  n m aller  s id e  o f  tr-3*,
t  oc ( 1 + a , ) - f
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I f  w* now lo o k  a t  the c o e f f i c i e n t s  o f  th e  th ree  term s,
which derend unon the v a lu e  o f  Ya and The number o f  groups ,1?
w« f in d  th a t  f o r  la r g e  I  the c o e f f i c i e n t  o f  th e  th ir d  term i s
found to  dom inate The o th e r  tw o . Tfe maw then  w r ite
-l
T cC  f
( p j - i t i   ^ s m j  - ( f L j u  ( £ S « j)  I
2 2 2 2 J
(£ * 1 7 .1 )
■whore:
T f I  )  10 , then  e , and e a tend to  z e r o , and we may w e l l  ig n o re  
th o se  two term s to  le a v e  o n ly  fche f i r s t  term approxim ation  
■1+1 
2
In  t h i s  ca se  T w i l l  be ap p roxim ately  p r o p o r t io n a l to  th e  d e n s i ty  
fu n c t io n  o f  th e  d i f f e r e n c e  o f  the in d ep en d en t in v e r te d  gamma 
v a r ia t e s ,  whose mean i s
J  Ca
MSB -  -------
/ l o ,  +  2
and mode i s
SSB J  Ca 
1+3 A* + 2
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The o v e r - a l l  p ic tu r e  3hown below In d ic a te s  th a t  the 
in fo rm a tio n  supp lied  from the SSB i s  v e ry  f l a t  xml ess th e  mode 
J C a
MSB -  -  — i s  n e a r  to  a e ro . In  th e  l a t t e r  ca se , i t  w il l
Aa. + 2 ^
give more w eight on the sm a lle r  s id e  o f  ,
<T
I  +3
•4 *2.4  The Param eter o f  K u rto s is  i s  P o s i t iv e
I f  we now assume a p o s i t iv e  v a lu e  f o r  Y^t the param eter 
o f  k u r to s is ,  s a y Y ^ : ^ ,  we have th a t  th e  a \  a re  double 
ex p o n en tia l random v a r i a t e s .  We then  n a tu r a l ly  expect a 
g r e a te r  SSB, s in c e  the a  ^ a re  more co n cen tra ted  around th e  mean 
and have h e a v ie r  t a i l s *  The mode w il l  th en  v e iy  l i k e ly  be 
p o s i t i v e .  A c tu a lly  the  mode a lso  depends upon I  and J  to  
an e x te n t .
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In  t h i s  c a se , s ince  we have found th a t  the  c o e f f ic ie n t  
o f  the  th i rd  terra o f (4.* 17) i s  again  dominant over th e  o th e r  
two fo r la rg e  I ,  we may w rite  in  th i s  case as befo re
The o v e ra l l  p ic ttr re  i s  shown b e lo ,» erd th i s  time w  d l l  
have a good p o s s i b i l i t y  o f  o b ta in in g  an ex trem ely  sharp 
p o s te r io r  f(cr") • In  o th e r  words, the in fo rm ation  supp lied  
from SSB i s  q u ite  v a lu a b le , s ince  i t  had mode and mean bo th  
on th e  p o s i t iv e  s id e  o f cr?* •
To summarize th e  fo rego ing  we may say th a t  fo r  = -1«2 , and
•y z  3 t ou r choice o f v a lu e  a f f e c ts  th e  p o s te r io r  d e n s ity  fu n c tio n ,
by lo c a tin g  i t s  mode on the negativd  o r on the p o s i t iv e
s id e  o f  <r~z . The mode i s  approxim ately  J  C<*.
MSB -  -------
* a +2
SSB J  C* 
and th e  mean - .
1+ 3  A*+2
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4 .3  ASSUMPTION OF ION- INFORMATIVE PRIOR
We s h a l l  co n s id e r one o th e r  form o f  n o n -in fo rm ativ e  p r io r :
which i s  a lso  d i f fu s e ,  o r  g e n t le .  Tiao and Tan [.143 o b ta in ed  t h i s  
p r io r  by th e  method o f  J e f f re y s  and c a l le d  i t  J e f f r e y s 1 nan- 
in fo rm a tiv e  p r i o r .  Although th e  J  i n  th e  n o n -in fo rm ativ e  p r io r  
depends upon th e  sample s iz e  in  th e  experim ent and would th u s 
seem in a p p ro p r ia te , th i s  p r io r  i s  used when th e  l ik e l ih o o d  fu n c tio n  
i s  dom inant o v er the p r io r}  in  such case th e  ex a c t choice o f  
p r io r  makes no d if fe re n c e  •
^e f in d ,  f o r  t h i s  p r io r :
f  (<T-' ) oC (<t~~ ) (c?  *Ja i  ) L(o~* | SSW)(hX)
c£ (c?2- ) L(o4  | SSW)
C hanging th e  v a r i a b le  u n d e r th e  i n t e g r a l  s ig n  to  
h -  o -1 t  J o >  ,
J
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F e r e ,  i f  we have =, 0 , th e  above p o s t e r i o r  d e n s i ty  i s  red u ced  
to  I c©
f(cr-x  ) oC (cr> ) ' LCo^l SSW)
r  SSB ,
( h*”) exp I - ------  dh*“ ,
L 2 h* J
tr" -
SSB
A.gain, ch an g in g  th e  v a r i a b le  u n d e r th e  i n t e g r a l  s ig n  to  u  -  —— , 
we h a v e :
h 3*
-I I r u -
f ( o ^  ) oC (o *  ) L(o^ | SSTT) I u  exp |  du
o
—I * SSB \
oC (o ^  ) L(o-z | SSrf) • P ( - L - . J  , (A ,21)
i l i ) \  a -  /
where F^(jj)  i s  th e  c u m u la t iv e  d i s t r i b u t i o n  f u n c t i o n  o f  a 
c h i - s q u a r e  random v a r i a b l e  w i th  n d e g re e s  o f  f ree d o m .
Comparing th is  p o s te r io r  w ith  th e  e a r l i e r  s ta b le  e s tim a tio n  
p r io r  o f  s e c tio n  4..1, we n o tic e  th a t  the  use o f  (o-*- ) (er* ♦ J ) 
as J e f f r e y s  n o n -in fo rm ativ e  p r io r  r e s u l t s  o n ly  in  the a d d itio n  o f  
th e  f a c to r  Fg:-t) ( SSB/o-*" ) .
Then the  o v e r a l l  p o s te r io r  fu n c tio n  may be considered  as a 
w eigh ting  o f  (e-1* ) .LCo^j SSJf), which i s  a lso  p o s te r io r  under s ta b le  
e s tim a tin g  p r io r ,  by  (SSB/o-?' ) ,  which i s  mono to n ic  a l l y  d ec reas in g  
and has i t s  in f le x io n  p o in t  a t  SSB/(I+1) . T herefo re  th e  e f f e c t s  
o f  F ^ ^ S S B /o -^  ) i s  to g ive  g r e a te r  w eight to sm a lle r  . For 
q u ite  la rg e  SSB, the fu n c tio n  i s  v e ry  slow ly d e c re a s in g , and the 
in f le x io n  p o in t ,  S S B /(l+ l) , i s  lo c a te d  v ery  f a r  to  th e  r i g h t ,  which 
means th a t  th e  e f f e c t  o f  Ffj-,j ( SSB/o-x ) on o v e r a l l  p o s te r io r  fu n c tio n
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i s  n o t  s e r i o u s .  On th e  o t h e r  h an d , f o r  q u i t e  s m a ll  SSB, th e  f u n c t io n  
i s  v e r y  r a p i d l y  d e c r e a s in g  and S S B /(I+ 1 ) i s  n e a r  to  z e r o ,  -which 
im p l ie s  t h a t  o-x i s  q u i t e  s m a l l .
To exam ine the  ex trem e c a s e ,  l e t  u s  assume t h a t  SSB ^ 0 .
Then th e  i n t e g r a l  i n  th e  e x p re s s io n  (£ .1 9 )  w i l l  r e a d i l y  re d u c e
In  t h i s  c a se  o n ly  th e  f a c t  t h a t  SSB :  0 i s  u s e d .  In fo rm a tio n  
r e g a r d in g  n o n -n o rm a li ty  i s  n o t  u sed  a t  a l l .
The p o s t e r i o r  d i s t r i b u t i o n  i s  th e n :
as was n o ted  b y  T ieo  and T an .
As p o in te d  o u t  b y  H i l l  C 1 5 ]  ,  t h i s  i s  a  d i s tu r b in g  r e s u l t .
F o r  i f  I  i s  l a r g e ,  th e n  an SSB n e a r  z e ro  w ould , b a se d  upon 
th e  y(, a lo n e ,  l e a d  to  a  s t r o n g  o p in io n  t h a t  o-*’ i s  s m a l l .
On th e  o t h e r  h an d , a  l a r g e  SSW -rou ld , b a se d  upon th e  y .  -  
a lo n e , l e a d  to  a  s t r o n g  o p in io n  t h a t  o-*’ i s  l a r g e .  T hese two 
s e p a r a te  s o u rc e s  o f  in f o r m a t io n  can  th u s  l e a d  to  v e ry  
d i f f e r e n t  o p in io n s  a b o u t o-* • S u r e ly ,  i n  th e  ex trem e  c a s e ,  
w here SSB i s  v e ry  s m a ll  and SSW i s  v e ry  l a r g e ,  one  i s  
r e l u c t a n t  to  a c c e p t  o'-* ~  aa d e s c r ib in g  th e
o v e r - a l l  p o s t e r i o r i  o p in io n  a b o u t o-x •
(£ .2 3 )
w hich means t h a t  a  p o s te r io r^ *
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I t  sh o u ld  "be p o in te d  o u t  t h a t  i t  i s  n o t  s im p ly  t h i s  
r e s u l t  (w h ich  a f t e r  a l l ,  was "based uoon an im p ro p e r  p r i o r )  
t h a t  i s  i n  q u e s t io n ,  b u t  r e a l l y  any way o f  com binin g  th e  two 
d iv e r g e n t  s o u rc e s  o f  in f o r m a t io n ,  i f  we keep  to  th e  o r i g i n a l  
m o d e l.
I n  o t h e r  s i t u a t i o n s ,  su ch  asY z  4  SSB ^  w® bave
from  ( 4 , 20 )
.co
-I -  SSB0. v J .  'f ( o ^ )  oC (o>3* ) L (o^  1 SSTf) \ (h x ) -3* exp
T 1
« y u u
2 ? J
r t SSB s s  SSB n
. j^i -T- d, + dx ( — )  t ^  ^ r j  J dh • ( a , ? a)
SSB
Again ch an g in g  th e  v a r i a b le  u n d e r th e  i n t e g r a l  s ig n  to  u r  -----  :
h 4
f  (o>  ) oC (a - 1 )' L(o~’ i SST7) ^(1-fd, ) i (  —  j  exp [ -  — ) du
*■ (*3rV u  \ a * r ? r  u  i  \  
10 '1&




u  A exp
[ - 7 ] '
" « t i  r  u  1U a  exp L - 7 j
m
lA
du U ,2 5 )
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4.7
-» P  /  SSB s
f fo -1 ) oC (cr-*) Uo?\ SST7) (1 + d ,)  2 [  I F ( —  )
L  ‘ ' " S ' 1 a — J
& tyi. C r 1* 1 ] -  /  SSB \
l l - J
1 a3 2
2 •* a«V
[Tkh F / “ »




f  (o-** ) oC (o-3, ) L ( o ^ |  SS77)
SSB
. SSB , SSBx
+ d a .d - 1 )  F [ -----  } + c U ( I - l ) ( l t l )  F (   )
d r O ^ o - > 7  3
w here F ^ ( t )  i s  th e  c u m u la tiv e  d i s t r i b u t i o n  f u n c t io n  o f  a 
c h i - s q u a r e  random  v a r i a b le  w ith  n d e g re e s  o f  freed o m , a s  b e f o r e .
F o r l a r g e  I ,  th e  c o e f f i c i e n t  o f  th e  t h i r d  te rm  a g a in  d o m in a te s  
th e  o tn e r  two te rm s ,  and we th e r e f o r e  have
{ ( a ?  ) oC (o-* ) ' . L f r l  SSW)-F [
SSB -t
(4*27)
which i s  o n ly  s l i g h t l y  d i f f e r e n t  from th e  normal c a se , in  th a t  
the degrees o f  freedom become 1 + 3  in s te a d  o f  T -  I .
W ith th e s e  o b s e r v a t io n s  we end th e  d i s c u s s io n  o f  th e  p o s t e r i o r  
d e n s i t y  f u n c t io n  o f  and tu r n  to  t h a t  o f  »
— o  —
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Chapter 5
THE POSTERIOR INFERENCE ON cr^
The m a rg in a l  p o s t e r io r  d e n s i ty  f u n c t io n  o f  o ^  T r i l l  novr 
be s tu d ie d  b y  m ethods s im i la r  to  th o se  used in  th e  l a s t  c h a p te r .
v a r io u s  ty p e s  o f  a ssu m p tio n s  on  th e  p r i o r  a re  o e n s id e re d  
to g e th e r  n i t h  c a s e s  o f  some s p e c i f i c  v a lu e s  o f  th e  p a ra m e te r s .
THE FORM OF THE EQUATION
’
The p o s t e r i o r  d e n s i ty  f o r  i s :
- NN
T h a t i s ,  th e  O'-3, i s  in te g r a te d  o u t  o f  f ( o ^  , ) vrhich, f o r
co n v en ien ce  o f  i n t e g r a t i o n ,  i s  s e p a ra te d  in to  th e  form :
p (o^  , cr  ^ ) = p ( o ^  ) .p (o £  ) .
4-8
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As b e fo r e ,  we f i r s t  tak e
pto-1 » ° ^  ) = p, ( ° -x ) )
so t h a t
r
f  (o^ ) aC P . (or1 )
j a - J A
Pt (cr- ) •L(o- | SSW) »(h ) exp
*- 2 h i'  J
P /SSB.. . SSB /*- i  ^[ d t d l H a J . ( _ i ) +  a , ( — ■ )  j  do- . ( 5 . 2 )
We s h a l l  n o r  c o n s id e r  th e  r e s u l t s  o f  u s in g  v a r io u s  form s o f
p ( (cr-*“)« T hus, i f  we use  p (cr-^ " ) s u b j e c t iv e l y  chosen :
P, (o~*“ ) oC (cr-2" ) exp
L 2 cr-*" J ( 5 . 3 )
Then th e  m a rg in a l p o s t e r io r  d e n s i ty  f u n c t io n  becom es:
C  SSB
f (°3L* ) < P a ( ^ )  1 P, (o ^  ) •L(cr" [ S S W )* ^ )  exp *
p >SSE\ /SSBv1*^
* [ ( 1  * <3, ) + d , [ — J + d3 ( — -J J der> , ( 5 .4 )
and th e  m a rg in a l  l ik e l ih o o d  fu n c t io n  i s  d e n o te d :
r  0 ,  -W f%
(cr-*" ) e x p --------------K o -1- ) exp
L 2cr> J
Jo
P '( o £  ) [ SSW n“ ^ J  *
jt£-%  p SSB n p* /SSB \ /SSB .2. -
( h ) exp [ - — ] - [ ( 1t>3.) ,  a ^ - j - t  a , ( — )  j  do-’
2 \ t J  I- ' x h
(cr-~ ) ^  exp
p SSW + C -
L - 2 0 -3- j
- t r - ^  SSB- -  SSB / SSB v2- -i
. ( h ) « p [ - ^ ] - [ ( M d , ) t  ] do'* •
( 5 . 5 )
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I f  we p u t  C a k X  ,  th e n  lim  p (o '-1  ) -  (cr-1* j"*,  and
A - * o  ‘
we n a y  r e p r e s e n t  d i f f u s e  p r i o r  o p in io n  a b o u t o-*" by  a  c h o ic e  o f  
A  n e a r  zero#  By ta k in g  t h i s  d i f f u s e  p r i o r  we w i l l  have  th e  
p o s t e r i o r  d e n s i ty  f u n c t io n  o f  0 5  *
f ( o ^ )  c C  P a ( a £  )
w here ^
f  - ^ - 1  r  ssw r s ®  ip'(os.)oC (o- ) A «p [- — ]-(h)  .
'o
SSB N .SSB ,2.[ /• OC \ OOO -1( H d , )  * * , ( — ) + dj ( ~ )  J d0' i  • '5 . 6 )
5 .2  THE NORMAL CASE
I f  we f u r t h e r  assum e Y>. = 0 ,  th e  above e x p re s s io n  re d u c e s  to :
-j r  SSW -i -.” 9 ^ 1  r  SSB.x \ -*> n  I  _ \  A  I,  ^  ■/ i  oon I x —~   i'(°£ ) oC I (<^  ) a exp (h ) A exp^ - J do- *
( 5 .7 )
u n d e r  th e  a ssu m p tio n  at-^NCO, ) •  T h is  c a se  h as  b een  c o m p le te ly  
exam ined by  H i l l  C 1 5 ]  whose r e s u l t s  a re  q u o ted  be low  f o r  co m p ariso n  
w ith  th e  n o n -n o rm al c a s e .
L e t  now I r
* 1 -3  SSB _ f 1-  I ( J - l )  SSW
L ------ > J  and I :  j L      J
2 2 2 
have in d e p e n d e n t  gamma d i s t r i b u t i o n s .  T hen , s in c e  p ^ o ^ "  ) 
i s  p r o p o r t io n a l  to  th e  d e n s i ty  o f  2 — (X - Y  ) / J  o n  th e  
p o s i t i v e  h a l f  l i n e ,  th e  p o s t e r i o r  d e n s i ty  f ( o -  ) oC P a t e  ) * P ! ( ck ) 
may be re g a rd e d  as a  t r u n c a t i o n  from  be lo w  a t  zero  o f  th e  
d i s t r i b u t i o n  o f  Z to g e t h e r  w ith  a  w e ig h tin g  b y  pa (c£f )„
We s h a l l  h e n c e fo r th  r e g a rd  p '( o ^  ) a s p r o p o r t io n a l  to  th e
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d e n s i ty  o f  Z on  th e  ■whole r e a l  l i n e ,  u s in g  th e  f a c t  t h a t  
p  ( o j  ) = 0  f o r  o~ <  0 ,  to  y i e l d  th e  r e q u i r e d  t r u n c a t io n  
a t  zero  •
I t  i s  t h i s  p '(< j£  ) t h a t  p la y s  th e  r o le  o f  a l ik e l ih o o d  
f u n c t io n  ( a c t u a l l y  a  m a rg in a l  l ik e l ih o o d )  i n  th e  fo rm a tio n  
o f  th e  m a rg in a l  p o s t e r i o r  d e n s i ty  f(« r£  ) « S in c e  the  
d i s t r i b u t i o n  o f  Z depends upon I ,  J ,  SSB, and SSW [[and l a t e r  
d i ,  d2 , and d_j when Yt  * 0] ,  th e s e  f o u r  q u a n t i t i e s  d e te rm in ed  
b y  th e  d a ta  a re  p a ra m e te rs  f o r  p ' ( c ^  ) •  The im p o r ta n t  th in g  
to  r e a l i z e  i s  t h a t  th e  form  o f  th e  p o s t e r i o r  f ( o ^  ) depends 
c r u c i a l l y  upon where th e  t r u n c a t io n  a t  zero  f a l l s  i n  th e  
f u n c t io n  p '( c r ^ )  , and t h i s ,  i n  t u r n ,  depends upon th e  above 
f o u r  p a ra m e te r s .
I n  p a r t i c u l a r ,  s in c e  th e  random v a r i a b l e  Z h as  a  
un im odal d e n s i ty  p 1 ( a - - ) w ith  mode ro u g h ly  a t  05, = (MSB-MSW)/J, 
i t  fo l lo w s  t h a t  when < <  0  th e  f u n c t io n  p * (o ^  ) w i l l  be 
mono to n ic  a l l y  d e c re a s in g  i n  th e  i n t e r v a l  >_ 0 , w ith  maximum 
a t  q  = 0 .  S in ce  f (<r£ ) = 0 f o r  05 <  0 ,  o n ly  t h i s  i n t e r v a l  i s  
o f  i n t e r e s t  i n  o u r  i n v e s t i g a t i o n ,
^  i
Thus we se e  t h a t  a  n e g a t iv e  C£ le a d s  to  a  l ik e l ih o o d  
f a c t o r  w ith  maximum a t  :  0  and d e c re a s in g  m o n o to n ic a lly  
i n  0 5  . The o v e r - a l l  im p a c t o f  such  d a ta  i s  th u s  to  g iv e  
r e l a t i v e l y  more w e ig h t to  sm a ll  e>£ i n  th e  p o s t e r i o r  th a n  i n  
th e  p r i o r ,  and t h i s  i s  p resu m ab ly  i n  a cc o rd  w ith  some
^  a.f r e q u e n t i s t i c  i n t e r p r e t a t i o n s  o f  n e g a t iv e  .
However, when we in q u ir e  how th e  d eg ree  o f  sh a rp n e s s  w ith  
w hich p 'C o ^ )  i s  peaked  a t  zero  (w hich  d e te rm in e s  how s t r o n g ly  
th e  d a ta  s u g g e s t  t h a t  o^  i s  sm a ll)  depends upon th e  m agnitude
----------------------------------------    / X - ------------------ .   .  _
o f  th e  assumed n e g a t iv e  <35 , we come to  a  d iv e rg e n c e  o f  v iew  
p o i n t .
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F o r  when o£  = (MSB -  MSW)/J <  0 , th e n  th e  l a r g e r  i s  SSW 
(and  hence  k e e p in g  SSB, I ,  and J  f i x e d ,  th e  more n e g a t iv e  i a  
) and th e  f l a t t e r  i s  th e  f u n c t io n  p 1 (c^  ) .  I n  f a c t ,  i f  
a l l  o t h e r  q u a n t i t i e s  a re  h e ]d  f ix e d
lim  f ( q f  ) = p a (os )
Si*]-**0
so t h a t  th e  p o s t e r i o r  i s  th e  same a s  th e  p r i o r ,  and i n  t h i s  
c a se  th e  e x p e r im e n t h a s  b een  c o m p le te ly  u n in fo rm a tiv e  a b o u t 
o~" i I t  i s  a ls o  w o rth  o b s e rv in g  t h a t  a s  S S B ^O ,
a I n  p , (p f ' )
d e c re a s e s  to
I J  ( 1 - l / l ) ( l - 1/ l J )  I J
2MSW ( 1 - 1 / J )  2MSW
( 5 .8 )
when b o th  I  and J  a re  l a r g e ,  w hich i n d i c a t e s  t h a t  th e  more
A
n e g a t iv e  o j  i s  f o r  f ix e d  SSW, th e n  th e  s t r o n g e r  i s  th e
i n d i c a t i o n  t h a t  o~ i s  s m a l l .
5 .3  THE NORMAL CASE UNDER THE APPROXIMATION OF INTEGRATION
I n  th e  e x p re s s io n  ( 5 .7 )  ,  i f  we u se  th e  sane k ind  o f  
a p p ro x im a tio n  o f  i n t e g r a t i o n  a s  in  th e  p re v io u s  c h a p te r ,  we h av e :
~  “ ( i l i l  -  SSB 1
p - ( < £  ) =c + j < £ ) a  « p  [ -  — — — - ]  •
f  r  s » ,  ‘
* (o '- ) exp j -   —  j dcr' ,  ( 5 .9 )
t  2cr~~ j
w here °
1 r  ssw  i
<r* i s  th e  v a lu e  o f  c m a x i m i z i n g  (cr- ) exp — ,
L 2 cr- J
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
53
p ' ( e r ) oc[jcsT  *
ssw
K j - i ) «







l ( J - l )+ 2 ] J
. (5 .1 0 )
I ( J - l )  + 2
w hich shows t h a t  J o j  i s  d i s t r i b u t e d  as an in v e r te d  gemma 
v s r i s t e  2nd o” " i s  a lso  d i s t r i b u t e d  in  th e  same way.
The mode o f  03^ i s
1 ^ SSB SSW
I
Mod(oc-
J* f* wOO OOn •»
i ) = -  r ---------------------------------1
j  1 1  - 1  k j - 1 ) + 2  j
The d e n s i ty  o f  th e  in v e r te d  gamma v a r i a t e  depends on I ,  J ,  SSB, 
and SSW, and th e  p o s t e r io r  d i s t r i b u t i o n  o f  cr£ depends on th e  
l o c a t io n  o f  th e  p o in t  o f  t r u n c a t i o n .
The e f f e c t  o f  th e  p o in t  o f  t r u n c a t io n  b e in g  lo c a te d  a t  
v a r io u s  p la c e s  on  th e  g rap h  o f  p ' f o j ^ )  w i l l  now be c o n s id e r e d .  
The t y p i c a l  p o in ts  chosen  a re  sk e tch e d  on th e  g rap h s o f  th e  
r e s p e c t iv e  c a s e s  now to  be c o n s id e r e d .
5 .3 .1  P o in t  o f  T ru n c a tio n  I s  At The L e f t
I n  th e  f i r s t  p l a c e ,  i f  th e  t r u n c a t io n  i s  a t  th e  p o in t  o f  
o r i g i n  ( t h a t  i s  = .0 ) th e n  th e  (m a rg in a l)  l ik e l ih o o d  fu n c t io n  
i s  v e ry  s h a rp , in  w hich ca se  we have v e ry  good in fo rm a tio n  from  
th e  d a t a .  M oreover, th e r e  i s  no d an g er when we u se  a  fo rm a l 
p r i o r  f o r  p(o~" ) •
SSW
T h is  s i t u a t i o n  a r i s e s  o n ly  when
j [ l ( J - l )  t  2 ] 
w ords , SSW s  0 , t h a t  i s  SST = SSB* Also we have :
•  0 , i n  o th e r
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SSB /(I-1)
P = -----------------
ssw/ e( j - i )
T h is  shows t h a t  when th e  F - r a t i o  v a lu e  i s  q u i te  l a r g e ,  o r  th e  
n u l l  h y p o th e s is  i s  r e j e c t e d ,  we have v e ry  good p o s t e r i o r  
in fo rm a tio n  from  th e  d a ta  a b o u t *
1 1 -SSB SSW .
S in c e  o r -  —  (MSB -  MSW) Cr — ----------------------------   Mod ( o ^  ) ,
J  J  L l-1  l(J-l)+ 2->
when y  0 ,  we have th e  above s i t u a t i o n *
In  f a c t ,  when v a r i e s  from  0 to  o j  "IC 0  ,  th e
t r u n c a t io n  o f  p * ( o j ' ) f a l l s  betw een th e  p o in t  o~ -  0  (when
SSW -  0 ) and th e  mode (when MSW — MSB)* In  a l l  su ch  c a s e s ,  we
have v e ry  good p o s t e r i o r  in fo rm a tio n  from  th e  d a ta *
The g rap h  o f  t h i s  c a se  i s  shown below*
Mod* = f r r  “  - ~ r r• J 1- i -I
5*3*2 P o in t  O f T ru n c a tio n  I s  At The Mode
In  th e  second  p la c e ,  i f  th e  t r u n c a t io n  o c c u rs  a t  th e  mode,
th e n  th e  (m a rg in a l)  l ik e l ih o o d  f u n c t io n  c a r r i e s  much more w e ig h t
f o r  th e  s m a lle r  ct-3, and d e c re a s in g  m o n o to n ic a lly  w ith  th eo*
x




z co when SSwJ^ O*
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T h is  w i l l  happen o n ly  when Mode(<T^" ) -  0 ,  w hich  means t h a t
SSW
J -  0I ( J - l )  + 2
an d , i n  t u r n ,
SSB SSW SSW I ( J  -  1)
and th e  F - r a t i o  i s :
MSB I ( J  -  1)
F s
Thus F CT 1 when I  and J  a re  la rg e *
In  t h i s  c a s e ,  s in c e  th e  v a r ia n c e  r a t i o  i s  a round  1 , we 
a c c e p t  th e  n u l l  h y p o th e s is ,  w hich means no v a r i a t i o n  betw een  
g ro u p s*
When th e  t r u n c a t io n  i s  be tw een  th e  mode and th e  p o i n t  o f  
i n f l e x i o n ,  —■ 1 2 MSB -  S S W /[ l ( J - l )  t  2 |  ,  we have th e  same
s i t u a t i o n  as th e  ab o v e , nam ely  t h a t  P , (o5U ) shows th e  s m a l le r
J
from  th e  d a ta *
SSB
I n  o t h e r  w o rd s , when o^* v a r i e s  from  0 to  -
J ( I  -  1)
i t  shows u s  t h a t  p 1 (cr^ ) h as  i t s  maximum a t  -  0  and d e c r e a s e s
mono t o n i c a l l y  i n  t f j  .
p 'r e o ’)
" *5” Mod-e »©
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5 .3 * 3  The P o in t  Of T ru n c a tio n  I s  F a r  To The R ig h t
In  th e  t h i r d  c a s e ,  when th e  p o i n t  o f  th e  t r u n c a t io n  i s  tow ard  
th e  f a r  r i g h t - h a n d  e n d , th e n  th e  m a rg in a l  l i k e l i h o o d  p , (o ~ '')  i s  
a s y m p to t ic a l ly  c lo s e  to  th e  a b s c i s s a ,  P * ( o ^ )  I s  more o r  l e s s  a  
s t r a i g h t  l i n e  and th e  in f o r m a t io n  i s  f l a t .  I n  o t h e r  w o rd s , we 
h sv e  no in fo r m a tio n  a t  a l l  from  th e  d a t a  and th e  p o s t e r i o r  d e n s i ty  
w i l l  be  p r o p o r t io n a l  to  th e  p r i o r  i t s e l f ,  t h a t  i s  f(o~^. ) oC R ^o^ ) .  
I n  t h i s  c a se
1 -  SSB SSW
M ode(cr'’ ) = —  — —  — -  ^  0
J  I I  -  1 I ( J - l )  + 2 J
and MSB -  MSW < < 0
MSB
so t h a t  F -  '■ —  1*
MSW
F u r th e rm o re , when I ,  J ,  and SSW a re  f i x e d ,  th e  s m a l le r  i s  SSB, 
th e  f l a t t e r  i s  p '( o £ " )  and th e  l a r g e r  i s  SSW, th e  f l a t t e r  i s  
p '( o £ * )  f o r  I ,  J ,  and SSB f i x e d .  A c tu a l ly  when we have 
SSB MSB
ay, \ \  -  --------------  = -  “ y^ e s h a l l  have th e  above r e s u l t .
J ( I  -  1) J
The fo l lo w in g  g rap h  shows t h i s  c a s e .
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5 .4  THIS CASE WHEN SSB IS NEAR ZERO
Thug f a r  we have considered  th e  normal case and a cognate*
We now change the d i r e c t io n  o f  o u r approach and co n s id e r o th e r
p o s s i b i l i t i e s .  The f i r s t  o f  th ese  o cc u rs  when SSB i s  n ea r o r
a t  zero* Under t h i s  assum ption th e  ex p ress io n  (5 .6 )  y ie ld s :
*°° r SSW 1 x-<±2) r SSB -j
- ----— (h  ) ^  e x p ----------7 dc
2 o~ J L 2  h" J
P ' ( < ^ )  oC
F u rth e rm o re
( < r > ) exp
- X f V .
P * ( o ^  ) oC
-~-vH P 5SW -I -
(o-x ) exp [^- — “  J (h")
f4D—or-Q 




(cr-3*) * exp [ - ”  ]2 o -  J dcr-o
r SSW *1
LJ<^  T I ( J - 1) + 2 J 
[ *




( i . U )  
SSW
J [ I ( J - 1 )  t  2 ]  j  '  * '  j [ l ( j - l ) 4  2 ]
The form o f  th e  graph o f  p K o j ')  i s  shown below .
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We see th a t  in  th i s  case* we have the same r e s u l t  as b efo re*  
When SSW g e ts  l a r g e r ,  we have the  tru n c a tio n  a t  th e  f a r th e r  
r ig h t  hand o f  the graph and p '( o ^  ) i e  f l a t t e r .  No in fo rm atio n  
from the d a ta  i s  u t i l i z e d  and f  ( o ^  ) oC p(a'~* ) ,  And again  in  
t h i s  s i t u a t io n ,  the im proper p r io r  p(o£ ) i s  c r u c i a l ly  m is lead in g  
th e  experim en ter in to  an im proper o p in io n  about <r£ •
On the o th e r  hand, i f  SSW i s  s m a lle r , then  p*(cr£“) g ives 
u s  th a t  the  sm a lle r  o ^  i s ,  the  more dom inant i s  th e  o p in io n  
about oj[” , s in c e  p to ^  ) has i t s  maximum a t  o~ -  0 and i s  
d ec re as in g  m o n o to n ica lly .
The o v e r - a l l  r e s u l t  when SSB -  0 in  th e  eq u a tio n  (5 ,6 )
(tinder n o n -no rm ality ) i s  the same as i f  we assume SSB -  0 in  
th e  normal case (w henV ^- 0 ) ,
5*5 THE NON-NORMAL CASE
Now when we have th e  non-norm al c a s e .  The in fe re n c e
depends on th e  s iz e  o f  I  and th e  value  o f  We cow look  a t  a
few  s i t u a t i o n s .
W hen'V a^O  and SSB 0 we may c o n s id e r  P , (o~* ) as b e fo r e :
V ' ( e £  ) oC ( l + d . W  |  ( Q —  , — ] )  ( f
f l ( J - l )  SSW
])'
* da ( 1 - 3 ) *f
r i - i  s s b - I / P r i ( j - i )  ssw —' 1 
■ 2 * 2  J *• 2 2
+ <33(1-3) ( I
r l ( J - l )  SSW
2 J 1
4
( 5 , 12)
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5*5*1 When I Is Large
In  th e  above e x p re s s io n ,  f o r  l a r g e  I ,  th e  c o e f f i c i e n t  o f  
th e  t h i r d  term  i s  d o m in a n t. Then:
I / p  l f l  S S B , \ l /  p  I ( J - 1 )  SSW C*)
p » (o £  ) c <  f  H U — ,  — J j -  ( I t   ,  ----- 3 )
' 2 2 2 2 J
- ■ m . = t f -  < r u ^ . = j
d-
t
d3 ( l - l )  2  2
( 1+di
, “ i id3 ( I - l ) ( l - 3 ) 2 2 ' 2 2 J
(5*13)
F o r q u i te  la r g e  I ,  we may e x p re s s  t h i s  a s :
U )
and th e  i n t e r p r e t a t i o n  would be th e  same as b e fo r e ,  e x c e p t t h a t  
th e  f i r s t  p a ra m e te r  o f  th e  f i r s t  v a r i a t e  i s  in c re a s e d  to
(1 * 1 ) (1 -3 )
— from  ' •
2 2
5*5*2 V a r ia t io n s  I n  The V alue O f Vo. ,
I f  i n  (5*6 ) we u se  th e  same a p p ro x im a tio n  o f  th e  i n t e g r a l
( 6 . 10 ) as b e f o r e ,  th e n : 
rco
- ? £ i L  r SSW T r  SSB
( a * ) *  e x p [ - — ] ( h ) ^  •
SSB x /SSB X
p * (o ^  ) oC
[ < « . > * * ( = ■ )  * * ( £ ) ]  -
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oC \  (1+<3| *T o-'*-
- a -ij
r  SSB *i
) exP j ----------- — ~ — ]
2 (J  *7 o-*- ) J
-CDH/ r  SSB T
+ dj_ (SSB) ( Jd j tC'-3*) ^  exp -  - " ■ ■■'—■■" -
L 2 ( J o f  + 5 ^ - )  J
a. "(¥3! r  SSB n
+ d3 (SSB) ( J o j  A  e x p -------------------------- 1
^ 2( J o^~ i  ^ - ) i
fOO
- W _ l  r  SSW t
( t r > ) -3 T  * e x p | ---------- j
*» *■>_--’3~ j dff~2 o~
where cr-"*- i s  th e  m axim izing v a lu e  o f  cr~ in  th e  in te g ra n d  
We may then  w rite*
P ‘(<JT ) oC (1  w d t ) [  J o j  +
+- d^CsSB)





l ( J - l )  t  2 J
ssw
t -------------------1
I ( J - l )  + 2 J
SSW 1 "tx'%  ~a
ssw
p 'f o ^  ) i s  ap p ro x im ate ly  p ro p o r t io n a l  to th e  sum o f  
d e n s i ty  f u n c t io n s ,  each o f  which i s  an in v e r te d  
gamma d e n s i ty  f u n c t io n ,  d e fin e d  o v e r the  i n t e r v a l
ssw
J  [ i ( j - l )  t  2 ]
MSW
J
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Tf ** aesnma -  'a , i  ,e - th e  «i a re  drvtble »-cp-''Tv»*'t4»! 
rnp^o*! v a r i  • 't* - '. ther* " e t u r a l l v  a‘x r* '* t * m*r*h 1 er?«*r r? P  tb » n  
i n  th e  n r  Til’l l  rarHo*!! v a r ia f .e  3i r*':0 th»  s i  a r*  mor* s h a ro ly
rioncso^ v»■n'^ ■**', a rrn n d  t h rt mean and have h *in/vr* t « n  o »
The eo«»f f l  ®±ent o f  th e  th ird  tare* •'HII th**e he n u ite  dominant 
o v e r the o th e r  term 3 and p*{c^ ) w il l  be approxim ately:
- ££-0 - ppp
v>*(*£ ) oC Co- t Jr i - -—----- —*
l  ?( o- + Zcr£ ) -
The mode w il l  then  moat l i k e ly  he on the p o s it iv e  side  o f  c^’ . 
Therefor* we w il l  have o n iie  a sharp  lik e lih o o d  fu n c tio n  and 
the ffwn*»re.T share o f  th® eraph w il l  bet
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Tf* on th e  o t h e r  h*uv, . i*e assume Vj, s  - 1 .? »  i>e«  th e  *»£ a re  
u n ifo rm  random varl»T .»fl, t,b*»n •**> •T ree *  a much s m a lle r  57 **3 th a n  
f o r  norm al random v a r i a t e s . .  To s tu d y  th e  e f f e c t  o f  TB?, l o t  
w n  1 1 3 9
p » f « T r  )  oC ( l + d »  )  * f
?SW \
- • T l )
Us SSB becomes s m a l le r ,  th e  mode in  each  term  becom es s m a lle r  
o r  n e g a t iv e ,  and th e  mode o f  p* -w ill t e n d  to  move t o  th e  n e g a t i v e  
s id e  o f  n t  , ,'phe sh a re  o f  t h e  i s  t h«nj
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■Purth#*rrw' >,<»« we n o te  t h a t  as BSB becomes s m a lle r  I n  t h i s  c a s e ,
th e  l ik e l ih o o d  f u n c t io n  w i l l  g iv e  a  much s m a lle r  r t ^  ,
Tf wa al**o c o n s id e r  T 1. ?-**», t,hen a g a in  th«
o f  th*» t h i r d  term  w i l l  dom inate  t.h* o th e r  t ^ o . T h e re fo re ,  f o r
1 a r e -  I  we h«v* th «  a p p ro x im a tio n :
H ^   ->
1 + 1r>1(rrz. ) oC f
2
, = , ) .  i
w hich h as th e  mean
l  r s s b  s sw  i  , r ssw  i  msb -  msw—  r — . -----------------  j  -  u s « ---------------------- 1 -  — - —
J  L I - 1  -  2 4 L T ( J - l )  -  2 J J
and th e  mode i s  a p p ro x im a te ly  
1 r  SSB SSW -j
T h e re fo re  f o r  th e  non-norm al c a se  th e  app rox im ate  l ik e l ih o o d  
fu n c t io n  o f  cr~ i s  i d e n t i c a l  to  t h a t  o f  th e  norm al ca se  except, 
t h a t  th e  f i r s t  p a ra m e te r  o f  th e  in v e r te d  gamma f u n c t io n  v a r i a t e  
i s  d i f f e r e n t ;  t h a t  i s ,  i t  i s  in c re a s e d  from  ( I -  3 ) / 2  to  ( T t  l ) / 2  
r e g a r d le s s  o f  th e  v a lu e  o f  Yx •
Thus th e  r e s u l t  i s  th e  same as t h a t  found b e fo r*  we assumed 
I  to  be l a r g e ,  and th e  a n a ly s i s  i s  th e  same as f o r  th e  norm al 
c a se  «
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5 .6  THE NON-INK) RMATIVE PRIOR
F i n a l l y ,  i f  we use  J e f f r e y ’ s p r i o r
-i -i
P<°“  > ° a **) S ) (O' + J o ~ * ) ,
th e n  th e  p o s t e r io r  d i s t r i b u t i o n  o f  i s :  
/00
f ( o s - )  oC
- ‘r1 f   ■ SSB
p (° '-’ ,C£ ) (cr-3*) ex p [ ” ^ ^ J ^ ° * >  ^ exP [ -  ”^ l ]
r  /  o o o  \  ✓ dOxs ^  n
l 1 + d- * ^ ^  +d^ t T T 7 ' ) J do~*
(o - )
r  d-3. SSB d ^
L1 + --------   + —
2 hM
l+di h 1+di < ? ) ] do- (5 .1 7 )
I f  ^  s  0 , th e n  th e  above e x p re s s io n  becomes sim p ly :
rfl0
SSW r ^ J n ^  r  SSB 
'
f ( o £ )  OC
a5H -| -u  
(o - ) exp [ -  — " (h  ) 
L a r-  -*
do-?*
In  t h i s  case  th e  p o s t e r io r  d i s t r i b u t i o n  o f  i s  t h a t  o f  th e  
random v a r ia b le
SSB SSW-l [ x, X r-1* (5 .3 S )
tru n c a te d  from  below  a t  z e ro .  H i l l  [1 5 ]  o b se rv e s
T h is  d i s t r i b u t i o n ,  censo red  in s te a d  o f  t ru n c a te d  from  below  
a t  z e ro , h a s  a ls o  been  p ro p o sed  as a  f i d u c i a l  s o lu t io n .
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I f ,  as i n  o u r  c a s e , -we u se  th e  same a p p ro x im a tio n  f o r  th e  
i n t e g r a l  as b e fo re  ( 5 . 1 0 )
- ( 1-0
J O- f   I exp
I f  J - l ' i  * 2  >
SSB
r  SSW •>.
fJ <£ * - — ■— V
L I (  J - l )  i  2 J
( - l )  2
2  I J  q? +
I ( J - l )
we may a p p ly  H i l l ' s  [ 1 5 ]  o b s e r v a t io n
O ur v ie w p o in t i s  t h a t  -when- eg* ^ 0 , and p a r t i c u l a r l y  when 
MSW i s  l a r g e ,  t h i s  d i s t r i b u t i o n  (ev en  when t r u n c a te d ,  and 
c e r t a i n l y  when c en so re d ) i s  in a p p r o p r ia te  as a  m easure o f  
p o s t e r i o r  o p in io n .
1 r SSW ^
t [ i ( j - i ) +  2 ]  ~
MSW
I n  o u r  case  when —  | ■ ■ -  | —   i s  l a r g e ,  we have no
in fo rm a tio n  a t  a l l  ab o u t o^~ ,  w hich a g a in  a g re e s  w ith  H i l l ' s  [ 1 5 ]  
rem ark
F o r we have seen  t h a t  i n  t h i s  c a se  th e  d a ta  a re  e x tre m e ly  
u n in fo rm a tiv e , t h a t  f (o j^  ) — ) and, s in c e  one i s  l e f t
w ith  h i s  p r i o r  d e n s i ty ,  i t  i s  in a p p r o p r ia te  to  use m ere ly  a  
fo rm a l p r i o r  such  as t h a t  o f  J e f f r e y s .
From o to r 'p o in t  o f  v iew , such  a  fo rm a l p r i o r  i s  u s e f u l  
o n ly  as a  c o n v e n ie n t,  b u t  more o r  l e s s  a r b i t r a r y ,  ch o ice  
made from  a  c o l l e c t i o n  o f  p r i o r s  a l l  o f  w hich e s s e n t i a l l y  
y d e ld  th e  l ik e l ih o o d  f u n c t io n  (n o rm a liz ed  i n  some way) as 
a  p o s t e r i o r  d i s t r i b u t i o n .
When, as i n  the  p r e s e n t  c a se  w ith  o j  « 0 ,  th e  l ik e l ih o o d  
f a c t o r  i s  f l a t  r e l a t i v e  to  th e  p r i o r  ( th e  r e v e r s e  o f  " s t a b le  
e s t im a t io n " ) ,  i t  becomes c r u c i a l  to  c a r e f u l l y  a s s e s s  th e  p r i o r .
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•*'nw i f  v*m lo o k  a t  th e  c a r*  ■»'«« r G, th e
f 5 .1 7 ) g iv e r  n r
r 1 r  SSB SS* '
f f o j  ) OC C14 rf» ) f  j -  ^
cr-»)
.  1  r  < W 0  C f V *  ■,. "j
d, ( i -«  f { -  [ -  ~ T jJ  j
+ ( T - l ) ( T i l )  f
! r  c m
j  [~EI
*T
^ X t3 ) ^ 2£r-0 1
. ' 5 ,19)
«rh*n 1 5 *  l a r g e ,  th e  c o e f f i c i e n t  o f  th e  t h i r d  t e r n  a g a in  
d o m in a te s  th e  o t h e r  t e o « ’''h en  era r a y  e ro ro x im a te  ( 5 , l*5) br7?
c m  c m
f ( r ^  ) nC f
t 1 r  SSB
l 7
'  5 ,1 ^ * 1 )
^  JYJ-0
and th e  a n a ly s i s  w i l l  be  th e  same a s  b e fo re  m e n  Yz  Z O, • tc B r^  
t h a t  th ?  m agn itude  o f  e?^ !T, den eo'r3s o^  ^  *
F i n a l l y ,  i n  th e  e x n re n g io n  ( 5 . 1 7 ) ,  i f  we u se  th e  same 
a p p ro x im a tio n  f o r  th e  i n t e g r a l ,  '*’* h av e :
3 40 -x tf-iV -l o c~  ,  f - tt- te - i
f f o *  ) OC J ('t~* ) *TP J « ('l+ ^ «  K b * )  exo [ - 3 1
-CI- ^ - 2  
+ ( d a ) (SSB) • <hX)
t  ( d3 ) (SSB) 'h * )  J  exp
■ [ - 1 1  
i - a d r -3
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-fOSZ) oC + JGZ?)
2f ~ '  +
t  <•?*) '3 3 3 )  fo-* +<Tc j  1 evo
f*++-V>
r    _ n
I 2* + .T c jf - ) -1
* ^  r ^ - 3 r ^ en 1
+  f d 3 ) f ~ 3 ? )  ( o -  + J f S  ) * *T>  -----”£ - ~ ‘---- - -----
' I 2<Si + J n s * * W
OC (14 .1 ,) IV o* + ----------- — *1
L I f  J - l )  + 2 J
cpp
e*C>
- < r - o
+ d*f 33?) I J  <3^  t  —J----- I *-m^ -
L T f J - '
r 3 3 7  i
.t ^ -  + -----------_
1 I ( J - l ) +  2 J
000
l V h 2
* d y '3 3 3 ?  [ i c j
-  -3~ e c o
2 [ j ~  +  ------
I I f  J —
337 -j
l >+2
In  nonpar-!son ? r ith  th e  l ik e l ih o o d  f u n c t io n  (5*16) o b ta in e d  
in  th a  p r» i? itv i3 s e c t i o n ,  th e  p o s t e r i o r  ^ o n s i ty  f u n c t io n  u n d e r 
n o n - In fo rm a tiv e  p r i o r  i s  i d e n t i c a l  to  th e  l ik e l ih o o d  f u n c t io n  
e x c e p t  f o r  th e  p a ra m e te r*  T h e re fo re  rh e n  V2  :  0 ,  t h i s  r e s u l t  
becom es th e  l ik e l ih o o d  f u n c t io n  f o r  th e  no rm al c a s e ,  e x c e n t  
f o r  th e  p a ra m e te r*
I n  p a r t i c u l a r , r h e n  Ya. 2—1 ,2 ,  and th e  33"° i s  sm a ll  and th e  
337  i s  l a r r e :  sa y  f o r  3S? s  0 ,  o r  333 < <  S3W, 'ms have
*37
t<*Z  ) oC [.T«3J
I f  J -  1) * 2 ] exp -
COP
r 3 3 7  n
2 JO J 4 ----------- ----
L I ( J - l )  + 2 J
i n  **hi<*h c a re  th *  mode i s  n —y a t iv s . ,  T h i s  meqn3 t h a t  th»
f 5 ,20)
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’■'O'Ttfl'Hnr ', *«d1+i7  f u n c t io n  1 « n 'rm o tn t'?  r* to  a hr*-**'? ss^ntal
**» V> +•**« ■'*-aid s« 1 ,«■» "^pr^x^wA+.^ly r*'*nfl+.«r.f’ «
?>h* o -'ont**n-*o'~ f u n c t i o n  n o  I n f  ^ t -** a t  i o n
* t  a1-1 »
-  o  -
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C hapter 6
THE POSTERIOR INFERENCE ON /cr-*
The two p re c e d in g  c h a p te r s  have produced r e s u l t s  ■which a re  
u s e f u l  and i n t e r e s t i n g  in  th e m se lv e s  and w hich a re  a ls o  u se d  to  
f i n d  th e  F r a t i o ,  th e  im p o r ta n t  f i n a l  m easure i n  th e  a n a ly s i s  
o f  v a r i a n c e .  These r e s u l t s  a re  b ased  on  th e  l ik e l ih o o d  f u n c t io n  
d is c u s s e d  in  C h a p te r 3 and on some p r i o r s  w hich w ere chosen  f o r  
t h e i r  i n t e r e s t  o r  u t i l i t y .
The n e x t  s te p  i n  f in d in g  th e  F r a t i o  i s  th e  developm ent o f  
th e  r a t i o  '£• a  / o2" . We now, t h e r e f o r e ,  d e r iv e  th e  p o s t e r i o r  
in f e r e n c e  on t h i s  r a t i o  u s in g ,  a s  b e f o r e ,  v a r io u s  p r i o r s .
6 .1  THE FORM OF THE EQUATION
We now f in d  th e  p o s t e r i o r  d e n s i ty  o f  /cr-* b ased
upon th e  p r i o r :
_ x  c
p (p , ,  o x  ) OC (cr'?* ) (a~~) exp
<x
( 6 . 1 )
The p o s t e r i o r  w i l l  b e :
P * ( o ~  ,  o £ )  o C  p ( o >  > ) •L(cr-t  ,  )
-x c r -o . t  r  sswV-l  p ->
«  ( « p -  )  a -  e x p  [ -  —  J exp [ - = ] •
- ( 1 - 0 /  
(cr- -i J o r  ) exp
p  SSB -I
t  2 (o '-_ t  J  or*1) «*
SSB SSB
I + d ,  «T d a ,/  a +(N t  J  /  Vp^" *r J  05;
(6 .2)
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— ^ X . ^
To f in d  th e  p o s t e r i o r  d e n s i ty  f u n c t io n  o f  \  r  q  /cr- ,  we make 
th e  f o l lo w in g  change o f  v a r i a b l e s :
a.cr* -  cr-
X  =. o s ’ / r - '
cr- -  cr-
| j |  =.
1  0 
-r> i/U c r
-  o
g " ( c r - , <Ca ) oC P rt(cr- , <j~ -  c ^ X  >1J I
r  SSTf-i x r  Co i
a< (<r- ) exp I -  — " (cr T  ) e x p  —  •
u 2 c r J  L 2 c r  V J
r* ssb  >*
. ( a -  * J a ^  ) exp -     - -  •
^  2( a -  -t J < r V )  J
/  SSB \  /  SSB X3* 1
d4  'a. T '~ i  H\p<- + J  J  vcr- t  J o ^  '  J
-fA aT N j- i^ - l  ^ !  ^ c a +<C*»SST? SSB
<< (« -* )  exP — (  —
H J'C 0}
r W - »
• ( t )  7  ( I t  j ^ )
- t  I - v%
dj, ,  SSB \  d3 f  SSB 1
t+d» t  ( " ' ) t  j. ( —— ——— j I (6*3)V -  Vl  ^ jW  (cr- ) V 1 + jW  J
6 .2  THB MARGINAL DENSITY OF
The m a rg in a l  d e n s i ty  o f  'C'" i s  th e n  g iv e n  by :
fg " (T  ) -  j g M( c r '  , <c ) d c r"
*o
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z H V ) o C  (TT) ( i t  K )  *
PtO
- c ^ ^ h  r  1  / c A t ^ s s w  s s b  \ i
*  ™  b S ?  ( - ‘ - ’E ' — ’  I T 7 ? ) J •
d W  SSB x
l+ d i  t  — (  - J  i
<r- 1 «t J*T
_ ! ■ _  ( _ = L \ - 1
(c r*  ) '  1 + j W  J
f ^ - fA
•Vlg-I ^ -W frA a+ K -l i  r ,8, rt**SSW SSB « '
OC f t  ) < 1 * J t h  j  | [ — J ’ — J ] ’
2 .
fA*. * N+l"! r .  / ca f ' t  *SSW SSB
i  I  \  ^  l H  J T0 ]
i +  j i r  
■ ^ )
/  SSB ■?■ f T ^ - r N O l  [• , oa  + -r1 . s s *  SSB v C C ^ ^ ) !11 r “ J W  t ' " _ " * i ^ r O J  j
i ^ " 1 - ^ / c a + T*SSW SSB \  , ,/ a
<  ( T )  ( 1 + J t * ) *  ( --------— Z------- * ---------- J  ‘( W d » )
X ^  l*t J T  '
-(A a+ w -H ^T.a-A^-» ” ^ - 1 /  <^t /C «SSW SSB \
«SSB*(A0ktN - l) ( /C ) *  (1+J<CT I -----—  ■*  : i
v L 1 4  J T W
a. “^ - v  c^ t T^SSW ssb  \ (
d5(SSB) •C\*«T-l)(A0VtN*il)('CJ) ( l t J T x) ( — ^ r z — t   )




-A v  -i 
(T *) ( T x + 1 / J )
( SSW t  Ca/-Cx t  SSB/( l f J x 3- ) ) ^ " ‘ ^ Aa^  
dj, ( SSB) (Aa +N-1)
( I + J i  J ^
-W r \ ,  i
( r 4) J  (T x +  i / J )  ^
(SSW + T S S B A l+ J t2*)) CN-ttrAa&
(^ CV) ^ H ( t N  l / j ) ~
J
a W -A y n  , -  2
dj (SSB) (A*+N+l)(Aa + N -l) ^  ^  ■, / T '
( s s w t  c^/4:1- + s s B A i t J ^ ) ) ^ ^ 3 ^ ^ .
r 6 ,A)
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6*3 THE CASE OF A* -  0 ,  Q*. 5  0
I f  we had chosen  \<x ;  0 , c A :  0 ,  c o rre sp o n d in g  to  th e  p r i o r  
(cr^ ) '  ,  then*
-l 4 SSBg«( T!) oC (i*d, )(Trh (t +i/j) /  (ssir +-------- J
1 H J*T *
d ^ S S B X N -l)  , SSB
+   (T*) ( T d l / J )  / ( S S W +   - )
l f J ' t 3
d3 (SSB ) (N + l) (N - l)  t -l v ^  { ^ A
♦  ------------------------------ («? ) ( ' t  + 1 /J ) / (s s w  *  --------  jj ' > 1+J'C1' J
/ r  *5 ^ J - 0 / a
<  ( I 4 d j ) ( ^ )  d N i / J )  / [ ssb t  SSW(ltJTl )J
■* d J s s B M u - D K )  (T u+ 1 /J ) / [ s s b  + ssw(l*  j r t  ) |
* dj(SSB ) ( I J d  1) ( I  J - 1) ( ^  ) ( T *  1 / J )  / |S S B  + S S T T d ^ J ^ J
( 6 , 5 )
I n  t h i s  c a s e ,  we have th e  some d i f f i c u l t y  a t  'C* n e a r  z e r o .  So to  
e a se  th e  d i f f i c u l t y  and f o r  c o n v e n ie n c e , we app rox im ate
( T ) '1 b y  ( • C ' t  1 /J ) " ' .
We th e n  o b ta in :
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g " (^  ) oC ( l4 d , ) (  C t l / j )  /  [SSB ^ SSW(1 + JTl )J
jx r - 1^ - i  /  ^ j  -jya 11
4 d x ( S S B ) ( lJ - l ) ( ft* * 4 l/j )  /  SSB 4 S S W (lt J t l )
j . v. i  V * J - , 46





A ctu a lly  th ia  r e s u l t  -would a lso  be o b ta ined  i f  we had used the
J e f f re y s  p r io r  from th e  b eg in n in g . To see th i s  -we now re p e a t
th e  d e r iv a tio n  using  J e f f re y s  p r io r .
Thus we have, u sin g  J e f f re y s  p r io rs
,  ( 1  + ) 
g * d  ) oC ( l i d , )
[SSB * SSW(1 4 JT Z) ] 
d j .(S S B )(IJ - ! ) ( ! •>  JT 1)
[ s s b  t  SSW(1 t  J t ' ) ]
3. i l x  —1^ 2
d3 (SSB) ( I J - 1 ) ( I J 4  1 ) ( 1 4  J ^ )
^  - II i —i ■ . ■■ I ■■ — I ■ HI  ■■    ......................
[ SSB 4 SSW(1 4 J U ') ]  Cx^ ^ / a.
r  SSW n M - O Z - I
[ —  ( l  +  J ^ ) ]  '*
*- SSB -1
oC (1 + d , )  -
L SSB (1  * JVi ) J  
/* SSW
*  (1 + J?*) J/ ^  \ —/ | SSB:
4
ssw- ss
d , ( l J - l ) ( I J 4 l )  ----- (1 4  JT'*")
J «- SSB
4 ------- — -------------------------------------  — '-----  * (6 ,7 )
SSW , i ( X J t 3)/xr saw a 1I 1 4  ----- ( 1 4 J ^4 )
L SSB J
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6 .4  THE NORMAL CASE
Now, f o r  th e  moment, l e t  u s  c o n s id e r  th e  p o s t e r io r  d e n s i ty  
o n ly  when = Q ( t h a t  i s ,  th e  norm al c a s e ) .  Then th e  e x p re s s io n  
re d u c e s  as fo l lo w s :
( 1 + J t )  |
SSB
r  SSW x
  ( 1 *  JT?)
SSB J 
g H (^ )  < ------------------------------------------------------------------   f o ’81
r SSW "l
I t  -----  ( l T J t )
L SSB J
H i l l  [15] ^ aa t r e a te d  t h i s  f u l l y ,  th e r e f o re  h i s  r e s u l t s  w i l l  
be quo ted  f o r  com parison  w ith  th e  non-norm al c a s e .
® W M  ^  ( 1 + J t  ) ----------
SSB C ^ V o
tru n c a te d  from  below  a t  SSW/SSE, o r
MSB
(1 +  J T )  - P j f j - i )  , C£-o  ,  w ith  F
MSW . '
t r u n c a te d  from  below  a t  MSW/faSB, i n  some b u t  n o t  com plete
harmony w ith  t r a d i t i o n .  Here d e n o te s  a  random
v a r ia b le  hav ing  th e  t ru n c a te d  F d i s t r i b u t i o n  w ith  th e
in d ic a te d  number o f  d e g re e s  o f  freedom .
Now l e t  u s c o n s id e r  th e  s i t u a t i o n  where MSB £  MSW. To 
g a in  i n s i g h t ,  we s h a l l  make th e  ap p ro x im atio n
* MSB
(1 +  J t  ) - Fxfcr-n,yh)»
MSW
w ith  F tru n c a te d  from  below  a t  MSW/teB, and f in d  t h a t
f MSW * ,  MSW ]
pr{ s  p '< 5 5
P r * f t .  t k  ---------------------------------------------------------—  ( 6 .9 )
J r msw a  y
Pr< -----  4  F < oo >
I MSB J
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* 7 5
where here F hag an ordinary F distribution with the
above d egrees o f  freedom .
*
S in ce  the F has a sim ple mode a t
* [ I ( J - D - 2 ] ( I - 1) 1 -  2/ [ l ( J - l ) }
f  _  —-----------------------  s    —------------------------<  1 ,
i ( j - l )  [ ( ! - ! ) ♦  2 ] 1 4  2/ ( 1 - 1 )
and the mode approaches to  1 when b oth  d egrees o f  freedom  grow 
la r g e .
I f  MSB ^ MSW (1  ^ MSW/ilSB), then th e  tru n ca tio n  i s  a t  the
*
r ig h t-h a n d  s id e  o f  th e  mode and th e  d e n s ity  fu n c tio n  o f  F i s  
m o n o to n ica lly  d e c r e a s in g . T herefore th e  p r o b a b il i ty  
P rtt t 0 ^  t , j  f o r  the in t e r v a l  o f  g iven  le n g th  w i l l  be
maximal when t 0 -  0 ,  and
r MSW . H , MSW )
Ft  -----  4  F 4   ( I t  J t , )
( \ I MSB MSB J
F r « { 0  $ - t  ^ t , l   -------------------------------------------------------------------
I J r MSW t
Pri -------  ^ F ^ aj
\  MSB
Again we quote H i l l ' s  [ 1 5 }  r e s u l t s  f o r  com parison.
Now, depending on th e  d egrees o f  freedom , u n ity  (1 .0 0 )  may
J.V, Hi
be e ith e r  more o r  l e s s  than th e  50 p e r c e n t i le  o f  F .
However, In  the p r e sen t c a s e ,  w ith  d egrees o f  freedom o f
th e  numerator la r g e r  than the d eg rees o f  freedom  o f  th e
denom inator, U n ity  i s  always l e s s  than the 5 0 ^  p e r c e n t i le ,
th e  l a t t e r  approaching u n ity  as b o th  d egrees o f  freedom
grow la r g e .'
MSW MSW I .  f , \
W hen t ^ l  ( t h a t  i s  - 4' 1 ) ,  Pr*{ 0^ /C.<tl } may
MSB MSB I J
be q u ite  la r g e  f o r  even sm all t | .
For exam ple, i f  both  d eg rees o f  freedom are la r g e ,  then:
P r * j ‘fci } — 2Pr^ 1 ^ F £ 1 4  J t i }
and i f  t ,  = J ~ l t h i s  i s  2«Prj 1 £ F*  ^ 2J which w i l l  be v ery  
near to  u n ity .
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But when th e  r a t io  MSW/&SB i s  r e a l l y  la rg e ,  the  tru n c a tio n  
a t  MSW/MSB from below o ccu rs a t  the f a r  r ig h t-h an d  a id e , and th e
d i s t r i b u t i o n  o f  becomes d i f f u s e  when MSW/VSB — ^  oo * T h is  
u n a c c e p ta b le  r e s u l t  i s  o r i g i n a l l y  due to  th e  J e f f r e y ’ s p r i o r .  
T h e re fo re  when MSB < < MSW, we m ust c a r e f u l l y  choose th e  p r i o r .  
We have a ls o  seen  t h a t  th e  c o n v e n ie n t  J e f f r e y ’ s ty p e  o f  
n o n - in fo rm a tiv e  p r i o r  le a d s  us to  n o n - in fo rm a tiv e  p o s t e r i o r  
o p in io n .
6 .5  THE NON -  NORMAL CASE
Now, when 0 ,  from  ( 6 . 7  ) we havet
d i s t r i b u t i o n  o f  F *  ap p ro ach es  a  h o r i z o n t a l  s t r a i g h t  l i n e .  I n  th e  
l i m i t  th e n ,  a l l  v a lu e s  o f  become e q u a l ly  p ro b a b le  and no 
in fo rm a tio n  a b o u t i s  g a in e d .  I t  means t h a t  th e  p o s t e r i o r
(  1 * d»)
a j u - i )
(1 * JT ‘
dj ( I J —1) ( i J t l )  B ^ l ( J - l ) , - £ { l 4 3 ) )  L SSB 
+ B [ l l ( J - l ) , f ( l i 3 ) ]  F & K J - l )  , « ! - ! ) ] “
r SSW . .




I J.T  ( l+ J T  )
L SSBT J
(6 ,1 0 )




w hich s t a t e s  t h a t  ------( 1 i  JT 1) --------- i n  th e  f i r s t  te rm ,
SSB r - w
ssw X \ u a \
 •( 1  r  JT  )" ''- ' — in  th e  second  te rm , and i n  the  t h i r d  term
SSB
SSW
—— ( 1 t  JT 1) — z^ - 1^ • T h e re fo re  we may e x p re s s  as
330 r n * ,
A r So ti
gw(T X) oC ( l + d i ) - f t o o  -----  ( 1 - t  J T ^
ZT~ SS® J
B ( £ l ( j - l ) ,£ < I + l ) ]  p r SSW
* d * ( u - D  *7------------------------ 7 ' J i ^ )  I —  < 1 1 j ^ )
b[$i (j- i ) ,£ ( i - i )] r r  '-SSB
'W it I)
B [ £ i ( J - i ) ,# i+ 3 ) ]  P r  s s *  i
t  d3 ( l J - l ) ( U + l )  — -------------------------- “ * f vr  ( 1  * J T ' " )  1 .
B [ f l ( J - l ) , i ( l - l ) ]  ‘ '* * 1 1  SSB J
Z & 3)  <6 *1 1 >
Ana as in  th e  p re v io u s  ca se  o f  "Jo. = 0 ,  we may e x p re s s  g n( 't ') »  
a n a la g o u s ly , i n  th e  d e n s i ty  fu n c t io n  o f  a  F-random  v a r ia te s
f  rMSW *t
g*(T") oC ( l + d | ) * f - .    ( 1 +  J t ' )
t’%4)^-i)l-MSB J
r MSW i
+ d ^ i + i M p  —  ( l  + j t x )
MSW
+ d j ( i + i ) ( i t 3 ) - f  L - r r  < 1  + J-c H  ,  ( 6 . 1 2 )
w hich means t h a t  in  th e  f i r s t ,  seco n d , and t h i r d  te rm ,
MSW MSW msW v
 ( 1+  J-C ) ,  ---------------- ( 1 t  J T ) ,  and   ( 1 +  J * 0  a re
MSB S S B /(I-1 )  S S B /(It3)
d i s t r i b u t e d  as FX04),tl)*  r e s p e c t iv e ly ,  and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
78
MSW MSW(l+l) MSW(I+3)
and being  tru n ca ted  from belovr a t  ,  —————  ^ anc — -  ■ —■
MSB SSB SSB
in  th a t  o rder*
By apply ing  the p rev ious in fo rm atio n  o f  tru n c a tio n  and mode
o f  the F -d is t r ib u t io n  fu n c tio n  to  ou r p o s te r io r ,  g"('C1‘)» l e t  us
co n s id er the same s i tu a t io n  MSB ^  MSW*
MSW MSW
When ------  — 1 (a lth o u g h    ^  1 ) , then the th re e
MSB MSB
F - d is t r ib u t io n  fu n c tio n s  have th e i r  tru n c a tio n s  a t  the r ig h t-h a n d
sid e  o f th e i r  mode n ea r to 1 , since we have the r e la t io n s h ip  as
MSW(lt3) v M SW (ltl) v MSW(I-I) MSW -
SSB SSB SSB MSB ^  ^
T herefore each o f  these  th re e  d e n s ity  fu n c tio n s  o f  F has i t s
maximum a t  th e  p o in t  o f tru n c a tio n  and i s  mo n a to n ic  a l l y  decreasing*
In  the  o th e r  extreme c a se , when MSff/taSB goes to co , then ,
as in  the normal ca se , the p o s te r io r ,  g*('T?), i s  non-in fo rm ative
( f l a t ) .  S ince each F -d is t r ib u t io n  fu n c tio n  i s  s t r a ig h t
t  MSB 
MSW(ltl) 
SSB
r  , i
+ d , ( i + i ) c _  . A -------------- ( i t  ;
* s s b  J
rM SW (lt3) , I
+ d , ( I t l ) ( I + 3 ) f :_  w . -------------  (1  J 't  )
oC ( l e  d, ) -t 1) t  d3 d t  l ) ( l t  3)
oC 1 .
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The in fo rm a tio n  a b o u t n o n -n o rm a li ty ,  p a r t i c u l a r l y  , i s  n o t  
u sed  a t  a l l *
Such a  n o n - in fo rm a tiv e  p o s t e r i o r  i s  im bedded b y  u s in g
J e f f r e y * s  n o n - in fo rm a tiv e  p r i o r  o r  b y  a d o p tin g  th e  ap p ro x im a tio n
( b y  ('C %  1 / J ) ' .
I f  we a g a in  assume t h a t  Yx -  -1 * 2 , th e n  SSB i s  s m a l le r  a s  was
shown i n  th e  p re v io u s  c h a p te r s *  I n  t h i s  c a se  MSW/MSB - y  oo. We
a  t
would a ls o  have th e  same s i t u a t i o n  when 05  < <  0* T hus, a l l  th e s e
th e s e  c a s e s  would y i e l d  th e  n o n - in fo rm a tiv e  p o s t e r io r *
On th e  o t h e r  h an d , i f  Yx z  3 t we e x p e o t l a r g e r  SSB, and 
MSIf/toSB ^ 1 *  I n  t h i s  c a se  we have t r u n c a t io n  a t ,  o r  to  th e  l e f t  
s id e  o f ,  th e  mode* w hich  w i l l  g iv e  u s  good 3h a rp  p o s t e r i o r  
in fo rm a tio n  a b o u t '£*' e
L a s t l y ,  i f  we assum e T to  be l a r g e ,  th e  c o e f f i c i e n t  o f  th e  
t h i r d  te rm  o f  th e  e x p a n s io n  d o m in a tes  th e  o t h e r  two te rm s*  I n  
t h i s  c a s e , th e  p o s t e r i o r  d e n s i ty  f u n c t io n  o f  may be 
app rox im ated  b y
MSW(T+3) n
ss b  (1  *
and th e  a n a ly s i s  becom es th e  same as th e  norm al ea se  e x c e p t f o r  
th e  second d e g re e  o f  freedom  b e in g  (1+3) in s te a d  o f  ( T - l ) *
In  t h i s  c h a p te r  we have found  f o r  Yx — 0 th e  p o s t e r i o r  
d e n s i ty  f u n c t io n  o f  th e  r a t i o  -  03^"/<r^“ and c o n s id e re d  the  
ex trem e  c a s e s  where MSB ^ K. MSW and MSW/iiSB ~  1* These 
r e s u l t s  w i l l  be c o n s id e re d  to g e th e r  w ith  th o se  o f  th e  
p re c e d in g  c h a p te r s  i n  th e  n e x t c h a p te r*
-  o  -
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Chapter 7
c o n c l u s i o n
7 .1  OVERVIEW OF THE FPDBL3J
The c l a s s i c a l  a n a ly s is  o f  v a r ia n c e  r e q u i r e s  t h a t  e i t h e r  th e  
d a ta  conform  to  s t r i n g e n t  re q u ire m e n ts  on th e  p o p u la t io n  and 
sam p les , o r  t h a t  th e  e x p e rim e n te r  be  l e f t  w ith  some d e g re e  o f  
d o ub t as t o  th e  v a l i d i t y  o f th e  a n a l y s i s .  V a rio u s  app roaches to  
s tu d y  th e  problem  o f a n a ly s is  o f  v a r ia n c e  when th e  d a ta  do n o t 
conform  to  th e s e  re q u ire m e n ts  have been  ta k e n , b u t  th e  B a y es ia n  
approach  o f f e r s  conven ience  b o th  i n  th e  a n a ly s is  and i n  th e  
freedom  to  choose th e  form o f  th e  d i s t r i b u t i o n  w hich i s  assumed 
f o r  th e  d a ta .  T hese assu m p tio n s on th e  form  o f  th e  d i s t r i b u t i o n  
may be made on th e  b a s i s  o f  s u b je c t iv e  p r o b a b i l i t y  ( e . g .  what th e  
e x p e rim e n te r  b e l i e v e s  a p p ro p r ia te  to  th e  c a se )  o r  o b je c t iv e  
p r o b a b i l i t y  ( i . e .  some a c tu a l  knowledge o f  th e  d i s t r i b u t i o n  o f  
th e  d a ta )  •
One o f  th e  re q u ire m e n ts  i n  th e  c l a s s i c a l  a n a ly s is  o f  v a r ia n c e  
i s  t h a t  th e  random e f f e c t s  o f  th e  m odel be  n o rm ally  d i s t r i b u t e d .
In  t h i s  d i s s e r t a t i o n  we in v e s t ig a te d  c e r t a i n  im p a c ts  on th e  
a n a ly s i s  when th e  random e f f e c t s  a re  d i s t r i b u t e d  n o t n o rm a lly  b u t  
a cc o rd in g  to  th e  c la s s  o f  e x p o n e n tia l  power f u n c t io n s . V?e a ls o  
in v e s t ig a te d  th e  m eaning o f  a  n e g a tiv e  e s t im a te ,  o j  , o f  th e  
v a r ia n c e  o f  th e  random e f f e c t s ,  as e x p la in e d  i n  s e c t io n  7 .2 .
80
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7 .2  THE MET HDD USED
I n  th e  p r e s e n t  a n a ly s is  i t  h as  been  assumed t h a t  th e  
v a r i a t e  h a s  th e  form :
7 ij = + et j
‘t'Vi +V»where y*j i s  th e  j  o b s e rv a t io n  w i th in  th e  i  g ro u p ,
p  i s  a l o c a t i o n  p a ra m e te r ,
XL
a], i a  th e  random e f f e c t  o p e ra t in g  upon th e  i  g roup ,
"fchand ejj i s  th e  random e r r o r  o f  th e  j  o b s e rv a t io n  w ith in
th e  i  g ro u p .
Some p re v io u s  work u s in g  t h i s  form  o f  th e  v a r i a t e  h as b een  
d i r e c te d  a t  th e  d i s t r i b u t i o n  o f  o~ , th e  v a r ia n c e  o f th e  random 
e r r o r ,  ejj , ( r e l a t e d  to  th e  MS77), and oj- , th e  v a r ia n c e  o f  th e  
random e f f e c t s ,  a j ,  ( r e l a t e d  to  b o th  MS7T and MSB). Now/fJ£ , th e  
u n b ia se d  e s t im a te  o f  CJ , i s  c a lc u la te d  u s in g  b o th  LIST? and MSB 
and , a c c o rd in g ly , may tak e  on  n e g a t iv e  v a lu e s .  I n t u i t i v e l y  i t  
seems t h a t  a  v a r ia n c e  shou ld  n e v e r b e  n e g a t iv e  and v a r io u s  
i n v e s t i g a t o r s  have t r i e d  to  i n t e r p r e t  th e  n e g a tiv e  c a s e ,  b u t  
u s u a l ly  end up b y  m ere ly  ig n o r in g  i t  as sp u r io u s  and c o n f in in g  
th em se lv e s  to  th e  p o s i t i v e  v a lu e s .
I n  t h i s  s tu d y  th e  B a y es ia n  app roach  was u s e d . In  o r d e r  to  do 
so i t  was n eceb b ary  to  assume a  p r i o r  f u n c t io n .  So we s u b je c t iv e ly  
chose a p r i o r ,  p ( j i ,  tJ'"’ , ) ,  i n  which j i  i s  d i f f u s e ,  and assume
f u r t h e r  t h a t  p. i s  e f f e c t i v e l y  in d ep e n d en t o f  (c~ , <r  ^ ) . V ario u s  
a r b i t r a r y  assu m p tio n s were f u r t h e r  made on th e  d i s t r i b u t i o n  o f  th e
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p r i o r .  The e f f e c t s  o f  th e s e  a ssu m p tio n s on th e  p o s t e r i o r  
d i s t r i b u t i o n  were exam ined f o r  s e v e r a l  s p e c i f i c  form s o f  th e  
p r i o r .
The p o s t e r i o r  d i s t r i b u t i o n  i s  o b ta in e d  b y  m u lt ip ly in g  th e  
p r i o r  b y  th e  l ik e l ih o o d  f u n c t io n .  The l ik e l ih o o d  f u n c t io n ,
L ()i, o*?‘ , os ) > was o b ta in e d  b y  u s in g  th e  Edgew orth s e r i e s ,  
re a rra n g e d  so as to  c o l l e c t  SSW and SSB i n to  s e p a ra te  te rm s .
I t  tu rn ed  o u t t h a t  o n ly  th r e e  te rm s c o n ta in e d  th e s e  q u a n t i t i e s  
so t h a t  f u r t h e r  te rm s co u ld  be n e g le c te d  f o r  th e  pu rpose  o f  
th e  a n a l y s i s .
P o s te r io r  d i s t r i b u t i o n s  were o b ta in e d  f o r  o^" , c~ , and 
/ c r  . T hese were examined i n  d e t a i l .
7 .3  THE RESULTS
7 .3 .1  The V a r ia n c e , cr  , o f  The Random E r r o r ,  e^
In  th e  c l a s s i c a l  a n a ly s is  o f  v a r ia n c e  th e  u n b iased  e s t im a te  
o f  o5 i s  n o t a f f e c te d  b y  th e  SSB. However, when u s in g  th e  B ay es ian  
approach  th e  d e n s i ty  f u n c t io n  o f  c r  i s  found to  be c o n s id e ra b ly  
a f f e c te d  b y  th e  SSB as w e ll  as b y  th e  SSW. To i n v e s t i g a t e  t h i s  
e f f e c t  th e  s e r i e s  ex p an sio n  o f  th e  d e n s i ty  f u n c t io n  o f  cr^ * i s  
examined f o r  th e  e f f e c t  o f  SSB and Y*, th e  p a ra m e te r  o f  k u r to s i s  
o f  th e  d i s t r i b u t i o n  o f  th e  a\ •
When th e  l ik e l ih o o d  f u n c t io n  i s  sh a rp  we u se  (c*2-) as th e  
p r i o r ,  t h a t  i s ,  a  s t a b l e  e s t im a t in g  p r i o r .  I t  i s  th e n  found  t h a t
SSW
i s  d i s t r i b u t e d  as ■— , th e  same as i n  th e  case  o f  th e
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I f  we assume f u r t h e r  t h a t  cr-1 and cr£ a re  in d e p e n d e n tly  
d i s t r i b u t e d  w ith  no r e s t r i c t i o n s  on th e  d i s t r i b u t i o n  o f tr^  b u t  
w ith  (ox  ) d i s t r i b u t e d  as a  gamma d i s t r i b u t i o n  w ith  p a ra m e te rs  
^ * /2  and C<*/2, w hich a re  chosen  s u b j e c t iv e l y ,  we c o n s id e r  f o u r  
p o r r i b i l i t i e s ;  SSB =  0 , Yx« 0 , V2 < 0 , and % . } 0 .
I f  SSB -  0 , th e n  th e  in fo rm a tio n  abou t th e  n o n -n o rm a lity  o f  
th e  d i s t r i b u t i o n  o f  th e  a* i s  n o t  u se d , i . e .  th e  a*t may have any 
d i s t r i b u t i o n .  I f  th e  k u r t o s i s  p a r a m e t e r , ^ ,  o f  th e  d i s t r i b u t i o n  
o f  - th e  a^ i s  z e ro , th e  r e s u l t  re d u c e s  to  t h a t  found  f o r  a  norm al 
d i s t r i b u t i o n  o f  th e  a j . When th e  t h i r d  term  o f  th e
p o s t e r i o r  d e n s i ty  f u n c t io n  o f  i s  dom inant and th e r e  i s  a  good 
p o s s i b i l i t y  o f  o b ta in in g  a  sh a rp  p o s t e r i o r  d e n s i ty  f u n c t io n ,
SSB J  C(^
f(c r-  ) ,  whose mode a t  ----------  i s  c o n v e n ie n t ly  o b ta in e d  i n
1*3 A* + 2
te rm s  o f  th e  gamma d i s t r i b u t i o n .  When Y i^ O , i t  i s  a g a in  th e
t h i r d  te rm  o f th e  p o s t e r i o r  d e n s i ty  f u n c t io n  o f  cr-1 which i s
dom inant and f  (cr-* ) i s  a g a in  sh a rp  w ith  mode a t  ___  -   i - .  .
1+3 * A+ 2
A. f i n a l  c ase  s tu d ie d  i s  t h a t  o f  a  n o n - in fo rm a tiv e  p r i o r  
d i s t r i b u t i o n  o b ta in e d  b y  th e  m ethod o f  J e f f r e y s  and u sed  
e x te n s iv e ly  b y  T ia o  and T an . When t h i s  was c o n s id e re d  i t  was 
u n f o r tu n a te ly  found  t h a t  th e  r e s u l t s  a re  d i s tu r b in g  and c an n o t 
be  u s e d .
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2.
7 ,3 .2  The V a r ia n c e , 0% , o f  The Random 3 f f e c t ,  at.
A lthough m a th e m a tic a l ly  i t  i s  a lw ays p ro b a b le  t h a t  th e  
u n b ia se d  e s t im a te  o f  o f  a r i s i n g  from  th e  sam p lin g  th e o r y  may 
ta k e  on  a  n e g a t iv e  v a lu e ,  th e  th e o r y  i s  u n ab le  to  e x p la in  o r  to  
i n t e r p r e t  th e s e  n e g a t iv e  v a lu e s .  I n  th e  B ay es ian  app roach  we t r y  
to  e x p la in  t h i s  s i t u a t i o n .  I7e u se  th e  same ty p e  o f  p r i o r  as  when 
i n v e s t i g a t i n g  th e  d i s t r i b u t i o n  o f  < r  and a  m a rg in a l  l ik e l ih o o d  
f u n c t io n  t r u n c a te d  to  th o s e  th r e e  te rm s c o n ta in in g  SSB, SSIT, and 
Y i ( th e  p a ra m e te r  o f  k u r t o s i s ) .
U sing  t h i s  a p p ro a ch , th e  f i r s t  c a se  c o n s id e re d  i s  t h a t  o f  
'To.- 0 , th e  norm al c a s e .  U nder th e  a p p ro x im a tio n  o f  i n t e g r a t i o n  
th e  r e s u l t s  a re  found  to  b e  e s s e n t i a l l y  th e  same a s  th o se  o f  H i l l ,  
w ith  o n ly  a  s l i g h t  change i n  mode and mean.. S in c e  th e  m a rg in a l  
l ik e l ih o o d  f u n c t io n  may be n e g a t iv e  o v e r  p a r t s  o f  i t s  dom ain, i t  
i s  t ru n c a te d  to  o m it th o s e  p a r t s  and we t r y  to  u n d e rs ta n d  th e  
sh a rp n e s s  o f  th e  p o s t e r i o r  d e n s i ty  f u n c t io n  i n  te rm s o f  th e  
p o in t  o f  t h i s  t r u n c a t i o n .
The n e x t c a se  i s  t h a t  when SSB i s  a t  o r  n e a r  z e r o . I t  i s  
found  t h a t  th e  m a rg in a l  l ik e l ih o o d  f u n c t io n  i s  f l a t  so  t h a t  th e  
p o s t e r i o r  d e n s i ty  f u n c t io n  i s  s o l e l y  d ep en d en t upon th e  p r i o r  
d e n s i ty  f u n c t i o n .  T h is  r e s u l t  i s  th e  same as t h a t  f o r  th e  
norm al c a s e .
T u rn in g  to  th e  non-norm al c a s e ,  and when I  ( th e  number o f  
g ro u p s)  i s  l a r g e ,  th e  c o e f f i c i e n t  o f  th e  t h i r d  te rm  o f  p ' ( o ^  ) 
i s  q u i te  dom inant and th e  r e s u l t  i s  th e  same as f o r  th e  norm al
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c a se  e x c e p t t h a t  th e  f i r s t  p a ra m e te r  i s  in c r e a s e d  to  ( 1 + l ) / 2  
from  ( I  -  3 ) / 2 .  When SSB i s  n o t n e a r  zero  and I  i s  n o t l a r g e ,  
th e  m a rg in a l l i k e l ih o o d  f u n c t io n  p ' ( o s ' ) i s  th e  sum o f  th r e e  te rm s 
each  c o n ta in in g  SSB, SSW, I ,  J ,  an d V t , w ith  none o f  th e  te rm s 
b e in g  d o m in an t.
I n  th e  f i n a l  c a s e ,  th e  method o f  J e f f r e y s  i s  used f o r  a
^ 3 .n o n - in fo rm a tiv e  p r i o r .  When G*. i s  n e g a t iv e  th e  p o s t e r i o r  
d e n s i ty  f u n c t io n  o f  i s  f l a t ,  t h a t  i s ,  does n o t g iv e  any 
in f o r m a t io n .  But when SSB and I  do n o t ta k e  ex trem e v a lu e s  th e  
p o s t e r i o r  d e n s i ty  f u n c t io n  o f  c^. i s  th e  same as th e  m a rg in a l  
l ik e l ih o o d  f u n c t io n  p 1 ) .
B r i e f l y ,  th e n ,  th e  e f f e c t  o f  n e g a t iv e  cy  i s  as f o l lo w s .
A
X n e g a t iv e  q j  l e a d s  to  a l ik e l ih o o d  f a c t o r  w ith  a  maximum a t
X X
05: = 0  and m o n o to n ic a lly  d e c re a s in g  i n  .  The o v e r a l l  im p act
o f  such  d a t a  i s  th u s  to  g iv e  r e l a t i v e l y  more w eigh t to  sm a ll a£
a ,,
i n  th e  p o s t e r i o r  th a n  i n  th e  p r i o r .  B ut as becom es v e ry  
l a r g e  and n e g a t iv e  th e  l ik e l ih o o d  f a c t o r  o r  th e  m a rg in a l  
l i k e l ih o o d  f u n c t io n  becom es more and more a  s t r a i g h t  l i n e  and 
th e  p o s t e r i o r  d e n s i ty  f u n c t io n  i s  p r o p o r t io n a l  to  th e  p r i o r  
i t s e l f .  I n  su ch  a  c a se  th e  d a ta  g iv e  no in fo rm a tio n  ab o u t •
I n  s h o r t ,  th e  ex p e rim e n t g iv e s  no in fo rm a tio n  a t  a l l .
7 .3 .3  The R a tio  o f  V a r ia n c e s  'tf ’ = o ^ /c r^
The f i n a l  o p e r a t io n  i n  th e  a n a ly s i s  o f  v a r ia n c e  i s  th e  
a p p l i c a t io n  o f  th e  F t e s t .  77e t h e r e f o r e ’i n v e s t i g a t e  th e  
d i s t r i b u t i o n  o f  th e  r a t i o  C » og^ /  o~" (w hich  le a d s  to  F) u n d er 
non-norm al c o n d i t io n s  and v a r io u s  m ag n itu d es o f  SSB and SSW. We
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u se  th e  same p r i o r  a s  b e fo r e  and th e  l ik e l ih o o d  f u n c t io n s  o f  t h i s  
r a t i o  b y  a  change o f  v a r i a b le  and i n t e g r a t i n g  o u t  .
I t  i s  somewhat d i f f i c u l t  to  d e r iv e  g e n e ra l  in f e r e n c e s  from  
th e  d i s t r i b u t i o n  o f  . However, b y  assum ing t h a t
- I  x  - i
\ k  * Ga = 0 , and a p p ro x im a tin g  ('C1')  b y  ('C + l / j )  we o b ta in
th e  same r e s u l t  a s  when th e  J e f f r e y s *  p r i o r  i s  c h o se n .
The p o s t e r i o r  d e n s i ty  f u n c t io n  o f  x  so  o b ta in e d  i s  composed
o f  th r e e  te rm s , each  o f  w hich depends on  SSW, SSB, I ,  J ,  and Ya. .
We f in d  t h a t  th e  f i r s t  te rm  i s  th e  same as t h a t  o b ta in e d  when a
norm al d i s t r i b u t i o n  i s  assum ed. F o r th e  norm al c a se  we have exam ined
exam ined MSB ^  MSW, MSW/kSB 2s 1 , and MSW/kSB co .
F o r th e  n o n -n o rm al c a s e ,  Ya-f^O,  each  te rm  i s  an F d e n s i ty
MSW (MSW) (1*1 ) (MSW) (1+3)
fu n c t io n  t r u n c a te d  from  below  a t  —  , . ...— - , and -------------------
MSB SSB SSB
r e s p e c t i v e l y .  When MSW/V.SB 1 , each  o f  th e  t h r e e  F d e n s i ty
f u n c t io n s  h a s  i t s  maximum a t  th e  p o in t  o f  t r u n c a t io n  and i s  
m o n o to n ic a lly  d e c re a s in g  to  the  r i g h t .  When MSW/ilSB —* co , we
f in d  t h a t  g»('C*'), "tbe p o s t e r i o r  d e n s i ty  f u n c t io n  o f 'C ”*’, i s  f l a t .
T h e re fo re  g ’K'C*') i s  n o n - in f  o rm a t iv e .  I n  o th e r  w ords, th e  
In fo rm a tio n  on  n o n -n o rm a lity  i s  n o t a v a i la b le  and th e  d a ta  g iv e  
no in fo rm a tio n  ab o u t ^  ( i . e .  t h e  p o s t e r i o r  d e n s i ty  f u n c t io n  
i s  f l a t ) .
7 .3 .4 - Summary
O v e r a l l ,  we have s tu d ie d  t h r e e  p o s t e r i o r  d e n s i ty  f u n c t io n s ,  
each  o f  w hich i s  composed o f  th r e e  te rm s .  We have found  t h a t
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when I  ( th e  number o f  g ro u p s) i s  q u i te  l a r g e ,  th e  c o e f f i c i e n t
o f  th e  t h i r d  te rm , i n  each  c a s e ,  i s  q u i te  d o m in a n t. When I  i s
l a r g e ,  th e  e f f e c t  o f  7a. ( th e  p a ra m e te r  o f  F u r to s i s )  i s
i n s i g n i f i c a n t  and th e  form s o f  th e  th r e e  d e n s i ty  f u n c t io n s
o b ta in e d  a re  e s s e n t i a l l y  th e  same a s  f o r  th e  no rm al c a s e .
A
When C £  < < 0 a l l  t h r e e  p o s t e r i o r  f u n c t io n s  show U 3  t h a t  th e  
e x p e rim e n t i s  n o n - in fo rm a tiv e .
When I  i s  s m a ll ,  i . e .  l e s s  th a n  1 0 , Yz  , th e  p a ra m e te r  o f  
k u r t o s i s ,  p la y s  an im p o rta n t r o l e .
7 .4  FURTHER QUESTIONS
17o have t r e a t e d  o n ly  th e  c a se  when th e  a a r e  n o n -n o rm a lly  
d i s t r i b u t e d  and th e  e tj  a re  n o rm a lly  d i s t r i b u t e d .  The r e v e r s e  
c a s e ,  when th e  a^ a re  n o rm a lly  d i s t r i b u t e d  and th e  e;j a re  
n o n -n o rm a lly  d i s t r i b u t e d ,  rem ain s  t o  be  s t u d i e d .  F u rth e rm o re , 
th e  d i s t r i b u t i o n  o f  th e  a j h a s  b een  r e s t r i c t e d  to  th e  c l a s s  o f  
e x p o n e n t ia l  power f u n c t io n s ,  i . e .  t h e i r  d i s t r i b u t i o n  i s  sy m m etric . 
I t  would seem t h a t  t h e r e  sh o u ld  b e  no g r e a t  d i f f i c u l t y  i n  a p p ly in g  
th e  same m ethod to  th e  case  o f  non -sym m etric  d e n s i ty  f u n c t i o n s .
F o r  d i f f e r e n t  p r i o r  f u n c t io n s ,  s i m i l a r  a n a ly s e s  co u ld  b e  
d e v e lo p e d .
-  o 0 o -
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